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1.1 Formulation of t h e  Problem 
Panel f l u t t e r  i s  the  se l f -exci ted  o s c i l l a t i o n  of a p l a t e  o r  shell Khen 
exposed t o  an a i r f l o w  along i t s  surface .  Within t h e  framework of the  linear 
theory  t h e r e  is  a c r i t i c a l  value of the  dynamic p ressure ,  above which the mo- 
t i o n  of the  p l a t e  i s  uns table  and t h e  amplitude of t h e  o s c i l l a t i o n  grows ex- 
ponen t i a l ly  i n  time. However, it i s  well  known t h a t  t h e  presence of (stabiliz- 
ing)  nonlinear  e f f e c t s  induces a pe r iod ic  motion whose amplitude does n o t  de- 
pend upon t h e  i n i t i a l  condi t ions .  
This  problem i s  analyzed i n  Refs. 1 and 2 ,  where a d e t a i l e d  a.cc0un.t of 
t he  methods used t o  so lve  the  problem i s  a l s o  given, The a n a l y s i s  presented 
here i s  based upon the  mul t ip le  time sca l ing  technique* and i s  an ex:tensian of 
the  a n a l y s i s  given i n  Ref. 1 (see  a l s o  Ref. 2 ) .  Thus, f o r  the  sake of simplicity, 
t he  equations of the  problem a r e  given here without de r iva t ion .  The d e t a i l s  c f  
t h e  de r iva t ion  can be found i n  Refs. 1 and 2. The a n a l y s i s  presented there is 
based upon t h e  von Karman equations f o r  a f l a t  p l a t e  ( see  Eq. A . 8  of Ref, 2)- 
The aerodynamic p ressure  i s  given by p i s t o n  theory a s  (see Cq. A. 3S of R e f ,  21 
* 
See Subsection 1.3. 
By using the  Ga le r l~ in  method, the  von Karman equations reduce t o  t h e  following 
system of equations:  
where h is t he  dynamic p ressure  parameter. 
Explicit ex:pressions f o r  these  c o e f f i c i e n t s  i n  terms of the  parameters of Eqs. 1,1 
and 1 - 2  are given i n  Appendix A of Ref. 2 f o r  an i n f i n i t e l y  long simply-supported 
plate  and f o r  a  r ec tangu la r  simply-supported p l a t e ,  and hence a r e  not  repeated 
here, I t  asbay be worth noting t h a t  t h e  c o e f f i c i e n t s  e  which rep resen t  the  aero- 
laI? 
dynmic  fo rces  a r e  such t h a t  
C h p =  -ePn (1.4) 
and further t h a t  t h e  c o e f f i c i e n t s  C which rep resen t  the  nonlinear  e f f e c t  
npqr 
of the membrane f o r c e s  a r e  such t h a t  
C n p t r = O  f o r  n + p + q + r  = o d d  
Equation 1,5 ( a s  well a s  t h e  f a c t  t h a t  t h e r e  a r e  no second-order nonlinear  
terns) i s  derived i n  Ref. 1 by using the  f a c t  t h a t  t h e  plane of the  panel  i s  
a plane of symmetry f o r  t h e  s t r u c t u r e .  
3  
I t  should be emphasized t h a t  i n  Eq. 1 .3,  terms of higher order  than w: 
.L 
have been neglected. I f  nonlinear  terms up t o  t h e  f i f t h  order  were included,  
Eq, 1-3 would become ( see  Ref. 3) : 
+ 7 dnpgrst ~ p ~ z ~ d s &  =' (1-69 
p,g)~tsft=l  
it should be noted again  t h a t  by using the  f a c t  t h a t  t h e  plane of the  panel  i s  
a %Lane of symmetry f o r  t h e  s t r u c t u r e  y i e l d s  t h e  r e s u l t  t h a t :  
a s  well  a s  t h a t  t h e r e  a r e  no fourth-order nonlinear  terms (see Ref. 11, 
For t h e  sake of s i m p l i c i t y ,  only t h e  two-mode case  i s  considered i n  de- 
t a i l  here (al though some r e s u l t s  a r e  genera l ized  t o  t h e  M-mode case), A s  
shown i n  Ref. 1, tak ing  i n t o  account Eqs. 1 - 4 ,  1.5, and 1.7,  Eqs. 1 - 3  and 1-5 
f o r  the  two-mode case  reduce, r e spec t ive ly ,  t o  
. . 
t~\nl , -hw,+(c, ,d: t~, ,d:  )N,=o I 
ij, + 8,v\l2t~:~,+~~,*(~21~:t C,av\l: ) W,=O e1.81 
and 
I n  Eqs. 1 .8  and 1.9,  h i s  given by 
and the  c o e f f i c i e n t s  c  a r e  given by i k  
and s i m i l a r  expressions hold f o r  t h e  c o e f f i c i e n t s  d i k '  
1.2 Out l ine  of the  Analysis  
The a n a l y s i s  presented here i s  an extension of those described i n  Refs, 
1 and 2. The a n a l y s i s  described i n  Ref. 2 i s  l imi ted  i n  th ree  r e spec t s :  
(a)  I t  i s  l imi ted  t o  third-order nonlinear  terms. 
(b) I t  i s  assumed t h a t  the  f l u t t e r  frequency i s  no t  
"too small" (not  of order  E )  . 
Be) I t  i s  assumed i m p l i c i t l y  t h a t  the  damping terms a r e  
not  " too  small" (not  of order  E) . 
These l i m i t a t i o n s  a r e  el iminated i n  Sect ions  2, 3 ,  and 4 of t h i s  r e p o r t .  
i n  Section 2 ,  Eq. 1 .9  (which inc ludes  the  f i f t h - o r d e r  nonlinear  terms) 
i s  studied i n  d e t a i l .  I t  i s  found t h a t  t h e  e f f e c t  of the  f i f th -o rde r  nonlinear  
terms can reverse  the  t r end  obtained with the  th i rd-order  nonlinear  ana lys i s .  
A d e t a i l e d  desc r ip t ion  of t h i s  e f f e c t  i s  given i n  Subsection 2.1 where a sum- 
mary 05 t h e  e s s e n t i a l  r e s u l t s  contained i n  Sect ion  2 i s  a l s o  given.  
Next, the  i n t e r a c t i o n  of buckling and f l u t t e r  i s  considered. F i r s t ,  
the l i n e a r  problem i s  examined i n  d e t a i l .  For c l a r i t y  and convenience, t h e  
a n a l y s i s  of the  l i n e a r  problem i s  given i n  Appendix A. The a n a l y s i s  of the  
linear problem shows t h a t  a t  t h e  i n t e r s e c t i o n  of the  f l u t t e r - s t a b i l i t y  boundary 
with the S l c k l i n g - s t a b i l i t y  boundary, t h e  f l u t t e r  frequency i s  equal  t o  zero. 
Thus, the  a n a l y s i s  given i n  Ref. 1 i s  not  v a l i d  i n  the  neighborhood of t h i s  in-  
t e r s e c t i o n  po in t .  The so lu t ion  f o r  Eq. 1.8 i s  obtained i n  terms of Jacobian 
e l l i p t i c  fllnctions cn (u )  and dn (u) . A d e t a i l e d  summary of t h e  r e s u l t s  obtained 
i n  Section 3 i s  given i n  Subsection 3.1. 
I n  Sect ion 4 ,  the  a n a l y s i s  given i n  Ref. 1 i s  repeated by assuming t h a t  
the  c o e f f i c i e n t s  g of Eq. 1.8 a r e  of order  E. The r e s u l t s  a r e  i n  very good 
n 
agreement with those obtained i n  Ref. 1. A d e t a i l e d  summary of t h e  r e s u l t s  
obtained i n  Sect ion 4 is  given i n  Subsection 4.1. 
I t  should be noted t h a t  t h e  analyses  given i n  Sect ions  3 and 4 d e a l  
w i t h  an i n t e r e s t i n g  mathematical problem. The analyses  can p r e d i c t  the  steady- 
state so lu t ion ,  but  cannot p r e d i c t  t h e  t r a n s i e n t  response. More s p e c i f i c a l l y ,  
during t h e  t r a n s i e n t  response, it i s  poss ib le  t o  p r e d i c t  the  v a r i a t i o n  of t h e  
mp l i t ude ,  bu t  t h e  v a r i a t i o n  of frequency cannot be obtained.  An i n t e r p r e t a t i o n  
of this phenomenon, a s  well  a s  a  suggest ion f o r  f u t u r e  work, a r e  given i n  
Section 5, 
Pinzilly, a s  mentioned i n  Subsection 2.1, i n  t h e  a n a l y s i s  of the  e f f e c t  of the  
f i f th -o rde r  nonlinear  terms, a condi t ion  based upon physica l  reasoning i s  used 
i n  order  t o  determine t h e  value  of one of the  parameters of t h e  so lu t ion ,  
Since no mathematical motivation i s  given t h e r e ,  it seems appropr ia te  t o  apply 
the  same method of so lu t ion  t o  a case  f o r  which the  exac t  mathematical solu- 
t i o n  i s  ava i l ab le .  Accordingly, a problem of t h i s  kind i s  analyzed i n  
Appendix B where the  r e s u l t s  obtained a r e  found t o  be i n  complete agreement 
with the  exact  so lu t ion  of t h e  problem. 
1.3 The Mult iple Time-Scaling Method: 
Secular  and Subs~cu- lar  Terms 
The reader  i s  assumed t o  be f a m i l i a r  wi th  the  multiple-time-scaling 
technique and, i n  p a r t i c u l a r ,  with the  concept of secu la r  terms and the condi- 
t i o n  f o r  no-secular-terms (i. e.  , t he  exclusion of secu la r  terms) ; a d e t a i l e d  
in t roduct ion  t o  t h e  method, however, i s  given i n  Sect ion  2 of R e f ,  2 ,  For con- 
venience, the  main concepts a r e  given i n  t h e  following. The d e t a i l s  can be 
found i n  Ref. 2. 
By using a pe r tu rba t ion  method, one may encounter terms of the  t y p e  
[ t  s i n  w t l  o r  of a s imi la r  type,  whereas from a phys ica l  p o i n t  of view one 
does not  expect a so lu t ion  of t h i s  type,  s ince  a bounded so lu t ion  i s  expected, 
These terms (which show t h e  "s ingular"  na ture  of t h e  problem) a r e  c a l l e d  
secular  terms. One of the  s ingu la r  pe r tu rba t ion  techniques used t o  solve this 
type of problem i s  t h e  multiple-time-scaling technique. I n  t h i s  technique, 
2 
mul t ip le  time s c a l e s ,  t = t, tl = ~ t ,  t2 = E t ,  e t c . ,  a r e  introduced i n  order 
0 
t o  inc rease  the  v e r s a t i l i t y  of the  system. I n  order  t o  avoid secular  terms, 
one e x p l i c i t l y  in t roduces  a "no-secular-term condit ion" (see Eq .  1,131 which 
genera l ly  y i e l d s  t h e  dependence of the  so lu t ion  upon t h e  "slow" time scales 
( t l , t  2 , . -  - 1 .  
I t  should be noted t h a t  i n  t h i s  r e p o r t ,  s ecu la r  terms a r e  encountered i n  
the  so lu t ion  of the  no-secular-terms condi t ion:  f o r  the  sake of s i m p l i c i t y ,  
these  terms w i l l  be c a l l e d  subsecular terms. 
F i n a l l y  t h e  condi t ion  f o r  no-secular terms i s  s t a t e d .  I t  should be 
noted t h a t  i f  L i s  a l i n e a r  opera tor ,  the  equation L ( P )  = Z has a s o l u t i o n  
only  i f  Z i s  orthogonal t o  J-' where uL i s  the  so lu t ion  of the  homogeneous 
eva.%iasn in terms of t h e  a d j o i n t  operator .  I n  p a r t i c u l a r ,  i n  matrix no ta t ion ,  
L L if (?I ) i s  a so lu t ion  of t h e  equation LU,I [MI = 0 ,  t h e  equation 
has a so lu t ion  only i f  
Egraation 1 . 1 3  i s  the  condi t ion  f o r  no-secular-terms t o  be p resen t  i n  t h e  
solution, 
SECTION 2  
THE EFFECT OF THE FIFTH-ORDER NONLINEAR TERP4S 
2.1 In t roduct ion  
A s  mentioned i n  Section 1, t h e  a n a l y s i s  of nonlinear  panel f l u t t e r  
given i n  Refs. 1 and 2  i s  l imi ted  t o  including merrabrane-force t e r m s  o n l y  
up through the  t h i r d  order  nonlinear  terms. A s  i s  well  known, the  i n c l u s i o n  
of the  f i f th -o rde r  nonlinear  terms may reve r se  completely t h e  t rend obtained 
with the  third-order nonlinear  ana lys i s ;  f o r  ins t ance ,  i n  t h e  case d~iscussed 
i n  Ref. 3 ,  t he  third-order nonlinear  a n a l y s i s  r e v e a l s  t h e  exis tence  of an 
uns table  l i m i t  cyc le ,  whereas the  f i f th -o rde r  nonlinear  terms a r e  stabilizing 
with the  r e s u l t  t h a t  f o r  higher va lues  of the  amplitude of v i b r a t i o n ,  the un- 
s t a b l e  l i m i t  cycle d isappears  and i s  replaced by a  s t a b l e  l i m i t  cyc3.e. Thus, 
i n  order  t o  understand b e t t e r  t h e  mechanism of the  e f f e c t  of the  f i f th -o rde r  
nonlinear  terms, the  a n a l y s i s  given i n  Ref. 2  i s  extended up t o  the  f i f t h  
order  i n  t h i s  r epor t .  
I t  w i l l  be seen i n  Subsection 2.2 t h a t  by using t h e  expansion for  given 
n  by Eq. 2.9, the  time s c a l e s  t = E t given by Eq. 2.11, and then by separating 
n  
terms of the  same o rde r ,  Eq. 2.1 y i e l d s  the  s e t  of recurrence r e l a t i o n s  given 
by Eqs. 2-17,  2.18, and 2.19. The f i r s t  two equations y ie ld  exact ly  t h e  same 
r e s u l t s  a s  obtained with t h e  third-order a n a l y s i s  given i n  Ref. 2. These 
r e s u l t s  a r e  summarized i n  Subsection 2.3. The remainder of the  sec t ion  is de- 
voted t o  the  s o l u t i o n  of Eq. 2.19. Before d iscuss ing the  r e s u l t s  of t h i s  
s o l u t i o n ,  it should be emphasized t h a t  a  parameter fl i s  introduced i n  t h e  ex- 4  
pansion of Eq. 2.10. This  provides g r e a t e r  v e r s a t i l i t y  i n  the  equat ionp and the 
value of t h i s  parameter can be used t o  s a t i s f y  a  f u r t h e r  condi t ion  (discussed later). 
Equation 2.19 i s  discussed i n  Subsection 2.4; however, t h e  r e s u l t s  are 
summarized here.  I n  order  t o  avoid secu la r  terms i n  t h e  so lu t ion  of Eq, 2 - 1 9 ,  
t he  condi t ion  given by Eq. 2.54 must be s a t i s f i e d .  This  corresponds t o  a 
d i f f e r e n t i a l  equation f o r  B a s  a  funct ion  of t (B i s  the  a r b i t r a r y  c o e f f i c i e n t  2  
of the  so lu t ion  f o r  {W 1 ,  see  Eq. '2 .36) .  The so lu t ion  of t h i s  equation 3  
(wr i t t en  t o  avoid secular  terms) w i l l  conta in  subsecular terms un less  E q s ,  2-71 
and 2.72 a r e  s a t i s f i e d  ( the  d e t a i l s  of t h i s  a n a l y s i s  a r e  given i n  Subsection 2,7% , 
These t w o  equations combined with Eqs. 2.31 t o  2.33 g ive  the  dependence of A 
on t (Eq- 2-77] ,  4 
The so lu t ion  obtained thus  f a r ,  s t i l l  conta ins  an a r b i t r a r y  parameter 
A A s  mentioned above, t h i s  parameter i s  used t o  s a t i s f y  a f u r t h e r  condi t ion  4 ' 
which can be described a s  follows. Consider the  curve which g ives  t h e  value 
s f  the  l imi t -cycle  amplitude i n  terms of t h e  dynamic pressure  parameter A. For 
" s t a b i l i z i n g "  th i rd-order  terms and "des tab i l i z ing"  f i f th -o rde r  terms t h i s  curve 
i s  q u a l i t a t i v e l y  depic ted  i n  Fig. 1. It i s  w e l l  known ( see ,  f o r  ins t ance ,  
Ref, 3)  t h a t  t h e  lower branch i s  s t a b l e  whereas t h e  upper branch i s  uns table .  
Thus, t he  following condi t ion  must be s a t i s f i e d :  t h e  va lue  Eknee of E correspond- 
ing $0 the maximum value of A on t h e  " f i f t h  order"  curve of Fig.  1 i s  equal  t o  
t h e  value (E ) of E f o r  which the  nature  of t h e  l i m i t  cyc le  changes (from s t a b l e  
c r  
t o  uns tab le ) .  The condi t ion  E = & d e f i n e s  t h e  va lue  of (see  Eq. 2.84) . 
c r  knee 
The d e t a i l s  of the  analyses  a r e  given i n  Subsection 2.5. 
It should be noted t h a t  t h i s  condi t ion  i s  n o t  based upon mathematical 
reasoning, bu t  only on physica l  i n t u i t i o n .  Thus, it i s  u s e f u l  t o  v e r i f y  
the  correc tness  of t h i s  i n t u i t i o n  by applying t h i s  a n a l y s i s  t o  a problem f o r  
which t h e  exact  so lu t ion  i s  known. Hence, a one-degree-of-freedom problem 
far which the  exact  so lu t ion  i s  known i s  discussed i n  Appendix B. The r e s u l t s  
obtained by using the  physica l  assumption ou t l ined  above a r e  i n  p e r f e c t  agree- 
ment with t he  exac t  so lu t ion .  
2 - 2  General Formulation 
Consider Eq. 1.4. I n  matr ix  no ta t ion  t h i s  equation can be w r i t t e n  a s  
Equation 2.1 can be solved by using t h e  multiple-time-scaling technique. The 
3 
so lu t ion  was obtained i n  Subsection 2.3 of  Ref. 2 up t o  terms of order  r . I n  
t h i s  sec t ion ,  the  s o l u t i o n  up t o  terms of order  E5 i s  obtained.  By analogy 
t o  the  procedure used i n  Ref. 2,  s e t  




A s  i s  shown i n  Ref. 2, assumes the  value  + 1 (see  Subsection 2.71 * 2 - 
and i n t r o d u c e  t h e  t i m e  s c a l e s  
- t o  =f. 
t l  = g 2 t  
t, = e4t 
- . . .  
- - 
Equation 2.11 i m p l i e s  t h a t  
Combining E q s .  2.1,  2.9, 2.10, and  2.12 y i e l d s  
a 2 a 
- * E -  t E - + - - .  
a t ,  a t 2  d a  a t 4  f( 
t [41[$e+ &z2* e4$4*-*- ( f  {\.l,} + e 3  
+ E ~ [ w , ] +  - - . . )  
+ (A, + €'A, t~~A, t  . +  * ) [E] ( ~ I N ,  t e3{% J + E ~ [ W ~  
( 2 . 1 3 )  
where 
Equating terms of t h e  same o r d e r  of magnitude ( terms mul t ip ly ing  l i k e  power of 
€1  y i e l d s  t h e  fo l lowing  set of  r e c u r r e n t  systems 
Order E 
Order E 3 
Order & 5  
2.3 The So lu t ion  wi th  a n  E r r o r  of  Order E 5  
5  
The s o l u t i o n  of Eg. 2.1 wi th  an  e r r o r  of o rde r  E , imp l i e s  t h e  a n a l y s i s  
of Eqs. 2.17 and 2.18. Th i s  a n a l y s i s  i s  desc r ibed  i n  d e t a i l  i n  Subsect ion 2,2 
of Ref. 2. For t h e  sake of convenience t h e  a n a l y s i s  i s  repea ted  b r i e f l y  here, 
us ing  s l i g h t l y  d i f f e r e n t  n o t a t i o n s  which a r e  s u i t a b l e  t o  s tudy  t h e  effect of 
t h e  f i f t h - o r d e r  nonl inear  terms,  descr ibed  i n  Subsect ion 2.4. The solution of 
Eq. 2.17 i s  d i scussed  i n  Subsec t ionA.7  and i s  g iven  by Eq. A.58. 
.++' ) 
= 2 Real ( A  { U  f e' (2 ,201  
where {u) i s  g iven  by Eq. A .59 and w i s  g iven  by Eq. A.51. I n  Eq .  2 , 2 C ,  the  
F 
parameter A i s  a complex f u n c t i o n  of t t 
2' 4 '  - - Combining Eqs. 2 .18  and 
2 - 2 0  y i e l d s  
4 [d3i+ [G ld {w~)*[~I{N~\ + A F  
ate a t ,  
w i t h  
(31 i3dFt$ *;, e;dFt .  ] 
* W 3 i =  2 Real [ 3, e 
where 
with IH 1 and {H 1 given  by Eqs. 2.87 and 2.89. 
0 1 
The s o l u t i o n  f o r  t h i s  system i s  discussed  i n  Subsect ion 2.2 of Ref. 2. 
I n  order to avoid s e c u l a r  t e r m s ,  I Z ~  1 must be such t h a t  ( s ee  Eq. 1.13) 
T h i s  condyition y i e l d s  a d i f f e r e n t i a l  equat ion  f o r  A 
where B and y a r e  given by Eqs. 2.126 and 2.127 of  Ref. 2 o r  
with 
L The vector  LU g i s  defined i n  Subsection 1 . 3  and i s  given by (see Eq, A,62) 
with u given by- Eq. . A. G O .  
The so lu t ion  f o r  Eq.  2.26 i s  given by Eq. 2.72 i n  Subsection 2 - 2  o f  




Finally, i f  A i s  given by Eq.  2.31, t h e  condi t ion  f o r  no secu la r  terms 
(Eq. 2 ,251  i s  s a t i s f i e d  and the so lu t ion  f o r  Eq. 2.21 i s  given by 
where 
w i t h  Y 
where 
I t  i s  convenient t o  r epea t  here the  d i f f e r e n t i a l ,  equations f o r  I A / 
and 4 (obtained i n  Subsection 2.2,  Ref. 2 )  : 
2.4 The Solut ion  with an Error  of Order E 7 
I n  t h i s  subsect ion,  t h e  expression f o r  {W ) i s  obtained by solving 5 
Eq. 2.19. Combining Eqs. 2.19,  2 .20 ,  and 2.36 y i e l d s  
where 
where {kgf5 )  1,  {k5(3) 1, and {k (')}are g iven  by Eqs. 2.108, 2.109, and 2.110, 5 
respectively. Equation 2.44 can be r e w r i t t e n  a s  
w i t h  
I n  order t o  avoid s e c u l a r  terms,  t h e  fo l lowing cond i t ion  must be s a t i s f i e d .  
Emation 2-49 y i e l d s  a  d i f f e r e n t i a l  equat ion  f o r  t h e  f u n c t i o n  B which i s  
discussed i n  Subsect ion 2.5. Once Eq. 2-49 i s  s a t i s f i e d ,  t h e  s o l u t i o n  i s  
given by 
2.5 The F u n c t i o n s  ~ ( t ~ )  and  ~ ( t ~ ,  4) 
I n  t h e  p r e c e d i n g  s e c t i o n ,  it w a s  shown t h a t  i n  o r d e r  t o  a v o i d  seculzr 
t e r m s  i n  t h e  s o l u t i o n  f o r  {W t h e  f o l l o w i n g  c o n d i t i o n  5 
L 
must  be s a t i s f i e d .  I n  Eq.  2.54, LU J i s  g i v e n  by Eq.  2.30 and {z5 I is 
g i v e n  by Eq.  2.48, from which a n  e x p l i c i t  e x p r e s s i o n  (Eq. 2.116) i s  derived 
i n  S u b s e c t i o n  2.7.1. T h i s  e x p l i c i t  e x p r e s s i o n  i s  t h e n  u s e d ,  i n  S u b s e c t i o n  
2.7.2 t o  d e r i v e ,  from Eq. 2.54, a d i f f e r e n t i a l  e q u a t i o n  f o r  B ,  g i v e n  by 
Eq. 2.117: 
w i t h  6 g i v e n  by Eq. 2.123 
w i t h  6 'o) , 6 , and 6 ( 2 )  g i v e n  by Eq. 2.124. 
I n  o r d e r  t o  s o l v e  Eq. 2.55,  l e t  
8 = bA 
This y i e l d s  
or, by using Eq. 2.26 
S e t t i n g  
and separating r e a l  and imaginary p a r t s  y ie lds  
E y a t i o n s  2.61 and 2.62 are discussed i n  Subsection 2.7. The solut ions  f o r  
these e q a t i o n s  are given by (see Eqs. 2.152 and 2.153) 
where b ( ~ ) a n d  b ( ~ )  a r e  c o n s t a n t s  of i n t e g r a t i o n ,  whereas b ( i )  and h i:i) R I R 1: 
a r e  g iven  by Eqs. 2.154 and 2.155: 
and 
I t  should be noted t h a t  i n  t h e  p roces s  of so lv ing  Eqs. 2.61 and 2.62, 'ksubsecu- 
l a r  termsw* were encountered. A s  shown i n  Subsect ion 2 .7 .3 ,  i n  order  t o  avoid 
subsecular  te rms ,  t h e  fo l lowing  expres s ions  f o r  k ( t  ) and $(t  1 a r e  obtained 4 4 
* 
"Subsecular terms" a r e  "secondary" s e c u l a r  terms obta ined  i n  t h e  s o l u t i o n  f o r  
t h e  equat ion  which must be s a t i s f i e d  i n  o rde r  t o  avoid t h e  " p r i n c i p a 1 ' ~ s e c u L a s  
terms (see Subsect ion 1.3)  . 
(see Egs, 2.136 and 2.150) 
where Ql i s  given by Eq. 2.151. whereas k and 4) a r e  func t ions  of t 
o o 6' t*, ' ' - 
I t  should be noted t h a t  thus  f a r ,  no cond i t ion  on A has been obtained. 4 
Thus, t h e r e  i s  s t i l l  one degree of a r b i t r a r i n e s s  i n  t h e  so lu t ion .  I n  o the r  
words, f r o m  a s t r i c t  mathematical viewpoint,  t h e  cons tan t  A can be chosen 4 
i n  an  a r b i t r a r y  way. I n  t h e  fol lowing,  a convenient choice of A (based upon 4 
a physica l  po in t  of view) i s  described.  F i r s t ,  note  t h a t  i n  Eq. 2.119, A4 
a p p e a s  only  i n  t h e  d e f i n i t i o n  of 6 which can be r e w r i t t e n  as 3 
where 
i s  the value  of 6 f o r  A = 0. 3 4 
Next, note  t h a t  i n  Eq. 2.124, 6 appears only i n  t h e  d e f i n i t i o n  of 3 
6'"' which can thus  be r e w r i t t e n  a s  
where 
i s  t h e  value of 6 (o) f o r  A = 0. Next, note t h a t  combining Eq. 2.32 and 4 
Eq. 2-71 
2 4 
with t2 = & t and t = E t. A s  mentioned i n  Subsection 2.2 of Ref, 2 ,  t he  4 
nature  of the  l i m i t  cyc le  ( s t a b l e  o r  uns table)  depends upon the  s ign  of the  
exponent 
Thus, the re  i s  a c r i t i c a l  value & 2 
c r  
such t h a t  i f  
t h e  na ture  of the  l imi t -cycle  changes. 
The physica l  assumption i s  t h a t  t h i s  va lue  of E i s  equal t o  t h e  value 
E a t  which A assumes i t s  maximum value (knee of t h e  curve which gives t he  knee 
amplitude as  a function of A) ; t h a t  i s  (see Eq. 2.10) 
Equating Eqs. 2.79 and 2.81 y ie lds  
o r ,  by using Eq. 2.75 
which i s  the desired condit ion f o r  A* 4 
It. should be noted t h a t  t he  value of A defined by Eq.2.84 corresponds 4 
t o  the r e a l  values of E 
c r  and Eknee only i f  
I t  should a l s o  be noted t h a t  the  f i f th-order  nonlinear term had an influence 
on (and only on) 6 ( 2 )  a s  i s  shown by Eq. 2.112 (which def ines  {H~}). 
Eq. 2.119 (which def ines  cS6) , and Eq. 2.124 (which def ines  6 (2 )  ) . Thus, the  
f i f th-order  nonlinear terms w i l l  be ca l led  "destabil izing" i f  Eq. 2.85 i s  
satisfiedl ( t h a t  is ,  i f  they a r e  such t h a t  the  system w i l l  y ie ld  an unstable 
X i m i l ;  cycle f o r  higher values of E). 
* (0) - Combining Eqs. 2.75 and 2.84 y ie lds  6 - 26;) - 6:) (6dYyi) which s impli f ies  R 
considerably Eqs. 2.154 and 2.155. 
2.6 E x p l i c i t  Expressions f o r  t h e  Nonlinear Terms 
I n  t h i s  subsect ion.  e x p l i c i t  expressions f o r  {C 1. {C51, and fIl5I 3 
a r e  derived.  Consider f i r s t ,  {C 1. Combining Eqs .  2.14 and 2,20 yields 3 
L + t e  -id t 3 i~ $ -iws,.d c , ,  ( A e  t ~ * e  F;)+~, . IAe FtAe 
;""l;f. -it;, -f idFto +f -;optb c . , (~e  +A+ T U A ~  + U A ~  )+A,( 
with 
and 
I n  the  fol lowing,  it i s  shown t h a t  ({c 1 + {D 1 )  i s  given by Eq. 2.107, I n  5 5 
order t o  o b t a i n  t h i s ,  it i s  convenient f i r s t  t o  r ewr i t e  Eq. 2.36 i n  a slightly 
d i f f e r e n t  f o r m .  F i r s t ,  combining Eqs. 2.24 and 2.26 y i e l d s  
Then con*ining Eqs. 2.37 and 2.89 y i e l d s  
wkes e 
S h i l a r l y ,  combining Eqs. 2.23 and 2.38 
w i t h  p -- p2/'p1. 
Thus, Eq. 2.36 can be r e w r i t t e n  as 
C a d i n i n g  Eqs.  2.15, 2.20, and 2.94 y i e l d s  

+ AX* ( U t  uf )c , *  2 v - i  ( 2 U c t z  
c,, +3uu*c2 c, 3-3 u2C2z 
iT 
3 C , , t  ( U M * ~ U P ~ U ~ J  C,, 
2 j4 f l  5 e3, ( u t t l f t ? )  Gl -b 3 u u*pcz (2.102) 
Next, consider {D 1 .  Combining Eqs .  2.7 and 2.20 y i e l d s  5 
w i t h  
- - A'&" ( d , ,  + ~ ' d , ,  + u4d13 ) 
d5i - 
3 * 
+ A44*ei3' [ s ~ , , +  ( 3 u 2 + 2 ~ ~ * ) d , 2 + ( ~ 4 + 4 U  ld,,I 
~~p~ )d22 t i o U ' U ' ~ ~ . ~  
Thus 
Finally, combining Eqs. 2.102 and 2.106 yields 
with 
t ~ A ~ A *  sc,, -t C L I U * ~  (u+ur)"P I,, I? (u+u"+ 9 )  c,, + 3 u L I * ~  C z z
t A'A*' 3 c,, t (u9"t 2ugp ) C,z 
(2 u*+ 9) Crl t 3 uX2? Cz2 "r: 
= ( A B ~ + Z A A * B )  
with (H given by Eq. 2.88 and 1 
2.7 Mathematical Elaborat ions 
I n  order  t o  s impl i fy  t h e  d iscuss ion of t h e  condi t ion  f o r  avoiding 
secu la r  terms (Subsection 2 . 5 ) ,  most of t h e  mathematical e l abora t ions  involved 
i n  the  so lu t ion  f o r  Eq. 2.49 a r e  described i n  the  t h r e e  subsect ions whish 
follow. 
2.7.1 E x p l i c i t  Expression f o r  {Z (11 ) 5 
A s  shown i n  Subsection 2.4, t h e  condi t ion  f o r  avoiding secular  temls i n  
the  so lu t ion  f o r  {W i s  given by Eq. 2.49: 5 
I n  t h i s  subsect ion ,  t h e  e x p l i c i t  express ion f o r  {Z 5 } i s  derived and then 
combined with Eq. 2.113 i n  order  t o  ob ta in  t h e  d i f f e r e n t i a l  equation for  B. 
Combining Eqs. 2.37, 2.48, and 2.110 y i e l d s  
w i t h  
B y  using Eq. 2.24, Eq. 2.114 r e d u c e s  t o  
2 - 7 . 2  Equa t ion  f o r  B 
Combining Eqs.  2.54 and 2.116 y i e l d s  
(2.117) 
w i t h  a, 6 and y g i v e n  by Eqs .  2 - 2 9 ,  2 .27 ,  and 2 - 2 8 ,  2nd w i t h  6 g i v e n  by 
w i t h  
Next, a simpler expression for 6 is derived, by using the expression 
for a~/at given by Eq. 2.26 2 
Combining Eqs. 2.118 and 2.120 yields 
Next note that* 
~y us ing  Eqs. 2.120 and 2.122, Eq. 2.121 reduces t o  
w i t h  
* 
In fact, using Eq. 2.120 
2.7.3 The Functions b and b R I 
Note, f i r s t ,  t h a t  Eq. 2.61 i s  equivalent  to*  
By the  use  of Eq. 2.56, Eq. 2.125 seduces to** 
Next, note t h a t ,  according t o  Eq. 2.31 
with K a funct ion  of t Thus 4 ' 
* 
I n  f a c t ,  using Eq. 2.41 y i e l d s  
b~ alA E aba 2 b a h  ( PR + &  p~ + b r ~  I A I ~  )=%-h+a;ini' at2 
* * 
Note t h a t  Rn A = Rn I A I  + j (4 + 2Tk) 
Co&ining Eqs. 2.126, 2.128, and 2.129 y i e l d s  
In tegra t ing  Eq. 2.131 y i e l d s  
where b ' ~ )  i s  a cons tant  of in teg ra t ion .  Equation 2.132 can be r e w i t t e n ,  R 
more conveniently,  a s  
I n  the  fol lowing,  only ,  t h e  case Y R > 0 i s  discussed.  Then t h e  l i m i t  cycle 
e x i s t s  only f o r  A 2 = I ,  o r  ( see  Ref. 2) 
(2,134) P R  
Then t h e  logari thm term goes t o  n(-Y R /D R ) a s  t2 goes t o  i n f i n i t y . *  Thus, in 
order t o  avoid secu la r  terms, the  following condi t ion  must be s a t i s f i e d  
* 
The d i scuss ion  f o r  yn < 0 i s  modified a s  fol lows:  t h e  Case DR < CI (h2 = -1) i s  
Is 
considered and t h e  l i m i t  i s  obtained a s  t 2 + (uns table  l i m i t  cycle). The re- 
s u l t s  a r e  t h e  same a s  those  f o r  y R > 0 .  
F i n a l l y ,  combining Eqs. 2.41, 2.129, 2.133, and 2.135 y i e l d s  
0) - 2  b r  (2.137) 
- ( p R +  l Y R ~ ~ ~ 2 ) ( A z ~ ~ ~ ~  -- 
* a;, PP 
w i t h  
Consider next  t h e  func t ion  b Combining Eqs. 2.62 and 2.56 y i e l d s  
I ' 
I n  order t o  f i n d  a simple express ion  f o r  awat note  f i r s t  t h a t  combining 4 ' 
Eqs, 2.928, 2.129, 2.31 and 2.135 y i e l d s  
Thus, according t o  Eqs. 2.33 and 2.141 
Thus combin ing  E q s .  2 .138 ,  2 .140 ,  a n d  2.142 y i e l d s  
w i t h  
Integrating Eq.  2.144 y i e l d s  
I n  order t o  avoid s e c u l a r  terms i n  b t h e  fo l lowing  c o n d i t i o n  must be 
I ' 
sa t i s f ied  
o r ,  according t o  Eqs. 2.133 and 2.145 
where 4 i s  a n  a r b i t r a r y  c o n s t a n t  and 
0 
( I )  BR PF 4, [ e , '  - a,, + a, (-jr-)2] 
Summarizing, b and b are g i v e n  by ( s e e  Eqs. 2.138, 2.147, and 2.148) R I 
where b ( ~ )  and  b ( ~ ) a r e  two a r b i t r a r y  c o n s t a n t s  and  (see Eq. 2.139) 
R I 
whereas (see E q s .  2.147 and 2.145) 
SECTION 3 
FLUTTER-BUCKLING INTERACTION 
3 ,  l Int roduct ion  
A s  mentioned i n  t h e  In t roduct ion ,  t h e  a n a l y s i s  given i n  Section 2 i s  
v a l i d  only  i f  w > 0. Thus, t h e  r e s u l t s  obtained i n  Sect ion  2 a r e  not val id  F 
i n  t h e  neighborhmd of the  i n t e r s e c t i o n  p o i n t  ( i n t e r s e c t i o n  of the  flutter 
boundary with t h e  buckling boundary, defined i n  Subsection A . 7 " )  for which w = @ 
i s  a  double r o o t  of the  c h a r a c t e r i s t i c  equation. For t h i s  sec t ion ,  a new analy- 
sis i s  developed i n  order  t o  s tudy t h e  behavior of  the  system i n  the  n e i g h b r -  
hood of the  i n t e r s e c t i o n  p o i n t  where 
N=N* and A=A, ( 3 , ~ )  
with N, and A, given by Eq. A . 6 5 ;  t h e  q u a n t i t y  N i s  t h e  appl ied  membr^a?sa force 
and A i s  t h e  dynamic pressure  parameter ( see  Eq.  1 .10).  
The behavior of t h e  system i n  t h e  neighborhood of t h i s  in t f ! rsec t ian  point 
can be s tudied  by s e t t i n g  
A= A, + &'5ih 0 
where 0 i s  an a r b i t r a r y  parameter,  which g i v e s  the  d i r e c t i o n  i n  t h e  plane (A,NI 
i n  which the  l i m i t  & -t 0 i s  considered ( see  Fig.  2 ) .  Note t h a t  Eq,. P a 3  can 
be w r i t t e n  a s  
with 
* 
The i n t e r s e c t i o n  po in t  i s  obtained by studying t h e  l i n e a r  problem, For the sake 
of s impl ic i ty ,  t h e  l i n e a r  case i s  f u l l y  discussed i n  Appendix A. 
A s u m a r y  of t h e  r e s u l t s  obtained i n  t h i s  s e c t i o n  i s  given i n  t h e  
followingI. I n  matrix form, the  equation t o  be solved i s  given by Eq. 3.5. By 
n introducing t he  mul t ip le  s c a l e s  t = E t (Eq. 3.71, and by assuming an asymptotic 
n 
expansion f o r  (w) (Eq. 3 . 8 ) ,  one ob ta ins  a system given by Eq. 3.9. Separat ing 
terms sf the  same order  y i e l d s  the  s e t  of systems given by Eqs. 3.14 t o  3.17. 
T h e  solution of the  f i r s t - o r d e r  system con ta ins  secu la r  terms (Eq. A.68) which 
are dropped*. If t h e  damped terms (see Subsection A.7)  a r e  a l s o  dropped, t h e  
so lu t ion  for {W ) reduces t o  Eq. 3.18. Note t h a t  t h i s  s o l u t i o n  does no t  depend 1 
upon t (bu t  the  damped p a r t  of t h e  so lu t ion  does depend upon t ) .  
0 0 
Next, the  second order  system i s  considered. I t  i s  e a s i l y  shown t h a t  
the  condit ion f o r  no secu la r  terms i s  automat ica l ly  s a t i s f i e d . * *  Thus, the  
dependence of {W on t cannot be determined a t  t h i s  s t e p  ( t h e  a n a l y s i s  of 1 1 
t h e  third-order system i s  necessary) . The vec to r  {W i s  given by Eq. 3 -25. 2 
The third-order system i s  then considered i n  Subsection 3.4. I n  order  
to avoid secular  terms, Eq. 3.41 must be s a t i s f i e d  and then the  vector  
(W 2 is givei, by Eq. 3-45. The condi t ion  f o r  no secu la r  terms (Eq. 3.41) i s  2 
a d i f f e r e n t i a l  equation f o r  A ( c o e f f i c i e n t  introduced i n  the  so lu t ion  f o r  {W1}, 
see Eq, 3.18) a s  a func t ion  of t The s o l u t i o n  of t h i s  equation i s  discussed 1 
i n  Subsection 3.5 f o r  y > 0 (hard spr ing  nonlinear  t e r m s )  only. This  i s  given 
by either Eq. 3.53 (v ib ra t ion  about  the  f l a t  pos i t ion :  unbuckled case)  o r  by 
Eq. 3-58 (vabrat ion about t h e  buckled pos i t ion :  buckled case)  depending upon 
the values of t he  inplane  f o r c e  (which a f f e c t  t h e  va lue  of 6 and the  energy 
(Eq, 3 - 4 8 ) .  For both  cases  the  s o l u t i o n  i s  represented by a pe r iod ic  funct ion  
el lip ti,.^ Jacobian func t ions  (whose p r o p e r t i e s  a r e  discussed i n  Subsection 3.10) , 
with u d n o m  "amplitude". 
Thus, i n  order  t o  study t h e  t r a n s i e n t  and t h e  l i m i t  cycle  s o l u t i o n s ,  
* 
This is ""compensated f o r "  by t h e  in t roduc t ion  of  t h e  t i m e  s c a l e s  tl, t3, ... , 
- 
and the vec to r s  {W2),  {w4} which do no; e x i s t  i n  t h e  bas ic  problem t r e a t e d  i n  
Section 2 ,  
*X  L This is due t o  t h e  f a c t  t h a t  [U 3 [GI {u) = 0 (Eq. 3.281 ; because of the  im- 
portance of t h i s  r e l a t i o n  i n  t h i s  a n a l y s i s ,  t h e  f i n a l  p a r t  of Subsection 3.3 i s  
devoted t o  proving t h a t  Eq. 3.28 is  v a l i d  f o r  t h e  N-mode case a l s o .  
it i s  necessary t o  consider  t h e  fourth-order system, given by Eq. 3 -6.2, If 
L 
t h e  condi t ion  of no secular  terms, LU J {z* 1 = 0 i s  s a t i s f i e d .  t h e  solution 
{w~} i s  given by Eq. 3.68. On t h e  o the r  hand, t h e  condi t ion  f o r  no secular 
terms y i e l d s  a d i f f e r e n t i a l  equation f o r  B ( c o e f f i c i e n t  introduced i n  the 
so lu t ion  f o r  w see  Eq. 3.25)as a func t ion  of t given by Eq, 3.66 ,  The 2 . 1 ' 
s o l u t i o n  of t h i s  equation i s  discussed i n  Subsection 3.7,where it i s  s h a w ~  t h a t  
- 
t h i s  equation y i e l d s  secu la r  terms of t h e  type t2 and t it i s  a l s o  shown 
2 1 1 ' 
t h a t  avoiding terms of type t y i e l d s  t h e  v a r i a t i o n  of A with t2, but  then it 1 
i s  impossible t o  avoid secular  t e r m s  of the  type t un less  t h e  s teady-s ta te  1 1 
so lu t ion  ( a ~ ~ / a t ~  = 0) i s  considered. I n  t h i s  case ,  terms of type tL are 1 
eliminated by assuming t h a t  t h e  amplitude A i s  such t h a t  Eq. 3,85 i s  satis- 
0 
f i e d  ( then the  secu la r  t e r m s  of t h e  type tl can be e a s i l y  e l imina ted) ,  Thus, 
summarizing, by s a t i s f y i n g  Eq. 3.85 one o b t a i n s  t h e  amplitude A of the limit 
0 
cycle  bu t  t h e  t r a n s i e n t  response cannot be s tudied  without introducing 
secular  terms i n  t h e  so lu t ion  f o r  B. A ve ry  s imi la r  s i t u a t i o n  i s  encountered 
i n  Sect ion  4 where it i s  e a s i e r  t o  i n t e r p r e t  t h e  r e s u l t s  i n  terms of the re- 
s u l t s  obtained i n  Sect ion  2. An a t tempt  a t  i n t e r p r e t a t i o n  i s  given i n  
Section 5. 
3.2 General Formulation 
Combining Eqs. A - l  and 3.2 y i e l d s  ( i n  matrix no ta t ion)  
where the  symbols given by Eqs. 3.2 and 3.3 have been used,  and furthermore 
I t  should be noted t h a t  t h e  s o l u t i o n  of the  l i n e a r  system a t  the 
intersection p o i n t  con ta ins  a  secular  term (see  Eq. A. 68) . I n  order  t o  ob ta in  
a solution kibich does n o t  conta in  t h i s  secu la r  term, it i s  necessary t o  intpo- 
3 duce intermediate t i n e  s c a l e s  (t = t, t3 = E t . . . ) which were no t  used 1 
i n  Section 2 ,  Thus, in t roduce  t h e  mul t ip le  t i m e  s c a l e s  
t, = E n i t  (n = 0, 1, 2 . . . ) (3.7) 
Conseqaently t h e  appropr ia te  expansion f o r  (w) i s  given by 
N o c e  that t he  vec to r s  {W and (W a r e  i d e n t i c a l l y  equal  t o  zero i n  t h e  analy- 2 4 
sis given i n  Sect ion 2. F ina l ly ,  combining Eqs. 3.5 through 3.8 y i e l d s  
w i t h  
and 
Separat ing terms of  t h e  same order  of magnitude y i e l d s  the  foi lowing 
s e t  of systems: 
Order E : 
2 Order € : 
3 Order E : 
4 Order E : 
The s o l u t i o n s  f o r  Eqs. 3-14 t o  3-17 a r e  discussed i n  Subsections 3 - 3 ,  3-4,and 
3.6. 
3.3 The Solut ions  f o r  {W ) and {W ) 
l 2 
The so lu t ion  f o r  Eq. 3-14 i s  discussed i n  Subsection A.7 and i s  given  
(d is regarding the  damped p a r t )  by Eq. A.68. A s  mentioned i n  Subsection 3 - 2 ,  t h i s  
so lu t ion  con ta ins  a secu la r  term. I n  order  t o  avoid t h i s  secular  tern, i t  i s  
necessary t o  assume t h a t  A = 0 s o  t h a t  Eq. A.68 reduces t o  1 
where Ct.31 i s  given by Eq. A . 6 9  
and A i s  a funct ion  of t t 2 .  . . . 
~t may be noted t h a t  t h e  assumption A = 0 does n o t  reduce t h e  g e n e r a l i t y  1 
of t h e  so lu t ion .  A s  mentioned i n  Subsection 3 . 2 ,  t h e  " v e r s a t i l i t y "  i s  main- 
tained by introducing t h e  intermediate s c a l e s  t 1 t  t3 . . . 
Bt should be noted a l s o  t h a t  t h e  s o l u t i o n  given by Eq. 3.18 does not  
depend upon t . 
0 
Howeqileu , the  complete s o l u t i o n  ( inc luding t h e  damped terms,  see Eq. A .  67) 
depends upon t . Thus, t i s  an a c t u a l  time s c a l e  of the  phenomenon. 
0 0 





w i t h  
I-$: i s  impcaar'tant t o  note t h a t  t h e  condi t ion  f o r  avoiding secu la r  terms 
i s  automat ica l ly  s a t i s f i e d .  Combining Eqs. 3.21 and 3.22 y i e l d s  
which i s  s a t i s f i e d  f o r  any value  of s ince  by combining E q s ,  A-69 ,  A,70, 
and A.71, 
Thus, t h e  system given by Eq. 3.20 can be solved. The so lu t ion  i s  given by 




For many modes, EN1 i s  given by (Subsection 2.3,  Ref. 2) 
where i s  obtained from F by e l iminat ing  t h e  f i r s t  row and the  f i rs t  
0 0 
column. 
I t  may be noted t h a t  t h e  r e l a t i o n  
i s  highly important i n  t h e  p resen t  ana lys i s .  The whole a n a l y s i s  would have 
l i t t l e  s ign i f i cance  i f  t h i s  condi t ion  were no t  v a l i d  f o r  more than two modes. 
Thus,  the remainder of t h i s  sec t ion  i s  devoted t o  t h e  proof t h a t  Eq. 3.28 i s  
valid i n  geineral. I t  may be emphasized t h a t  the  following discuss ion i s  not  
-
used i n  $be following sec t ions .  I t  i s  given only f o r  t h e  sake 
o f  genera l i ty .  
More p r e c i s e l y ,  i t  i s  proved t h a t  i f  t he  c h a r a c t e r i s t i c  equation (of the  
2 i form* oet [p M + pG + Fo] = 
cip = 0 )  has a double r o o t  p = 0 ,  then Eq. 3.28 i s  
s a t i s f i e d ,  Because t h e  exis tence  of t h e  double r o o t  p = 0 impl ies  t h a t  the  




The l a s t  corhdition i s  equivalent  t o  
where F i s  the  co fac to r  of  t h e  element f  of t h e  matr ix  [F I = [fkil .  I t  ki k i  0 
may be noted t h a t  ( a s  i s  well  known), t h e  elements fki and t h e i r  c o f a c t o r s  
Fki satisfy t h e  r e l a t i o n s  
Note t h a t  f o r  the  sake of g e n e r a l i t y  the  matr ices  M and G a r e  no t  assumed t o  
-
be of the diagonal  type. 
24; F,; = Det [ Fb 
1 
o r ,  by employing Eq. 3.29, 
2 L 
f o r  any value  of k and m. Thus, t h e  components of {u} and {U 1 which are de- 
u = 0 and Z f i t  uL = 0 can be expressed a s  (by assuming Fml # f ined  by Z fki i
0 and FIE # 0 )  
T m i  
-7 
' - F W I  
( 3  * 34) 
with a r b i t r a r y  and k. By choosing m = k and 2 = 1 (or = k and 
m = 1) one ob ta ins  
F i n a l l y ,  by employing Eq. 3.31. one o b t a i n s  t h e  des i red  Eq. 3.28,  which is  
t h u s  v a l i d  f o r  N modes, a l so .  
3.4 The Vector {W 3 1 and t h e  Equation f o r  A(tl) 
Combining Eqs. 3.16, 3.18, and 3.25 y i e l d s  
with 
where { C  ). i s  given by (see  Eq. 3.87) 3 
with {no] given  by Eq. 3.88. 
The cond i t ion  f o r  no secu la r  terms i n  {W ) i s  3 
with L ~ 5  given by Eq. A.71. Combining Eqs. 3.28, 3.37, 3.38, and 3.39 y i e l d s  
where 
w i t h  
I f  Eq. 3.41 i s  s a t i s f i e d ,  t h e  s o l u t i o n  f o r  Eq. 3.36 i s  given by ( t h e  secular 
term which appears i n  Eq. A.68 i s  d r 0 p p e d . a ~  before , f o r  {w1}) 
where C i s  a func t ion  of t t2, . . . and {P 1 i s  given by 3 
with EN] given by Eq. 3.27, {v} given by Eq. 3.26, and 
Note t h a t  P ,  {PB} and {P 1 a r e  o r ig ina ted  by t h e  same terms which yield 
Y 
a,B and y, r e spec t ive ly .  The so lu t ion  f o r  Eq. 3.41 i s  discussed i n  Sub-- 
sec t ion  3.5. 
3.5 The Function A ( t  ) 1 
Next, t h e  so lu t ion  A ( t  ) f o r  Eq. 3.41 i s  discussed.  Note f i r s t  t h a t  1 
Eq. 3.41 can be in teg ra ted  once t o  g ive  
where & i s  a cons tant  of i n t e g r a t i o n  ( a c t u a l l y ,  a funct ion  of  t2), which 
represents the energy (!? of the mass-nonlinear-spring system described by 
Eq. J,41-  Thus A i s  obtained by considering the inverse function of the in- 
tegral 
The integral i n  Eq. 3.49 i s  an e l l i p t i c  in tegra l .  The proper t ies  of the 
elliptic in tegra l  a r e  given i n  Refs. 4,  5 ,  6 ,  and 7 .  The inverse function of 
the elliptic i n t eg ra l s  a r e  the e l l i p t i c  functions,  among which the  most useful  
ones f a r  t h e  present study a r e  the Jacobian e l l i p t i c  functions. Some proper- 
t i e s  of the  e l l i p t i c  functions a r e  given i n  Subsection 3.10. 
In the  following, only the  case 
(which i s  the most important i n  t he  p rac t i ca l  application) is discussed. The 
case y < 0 can be t rea ted  i n  a very s imilar  way. A s  it appears c l ea r  from 
Eq. 3 -41 ,  the case y > 0 corresponds t o  the  case of a "hard-spring-nonlinear 
term", Mote, f i r s t ,  t h a t  the  radicand of Eq. 3.49 i s  equal t o  zero f o r  
2 2 
The fuacl;ion J i l t l )  depends e s sen t i a l l y  upon the  sign of A and A f +I (-1 * On1 y 
t w o  cases are of i n t e r e s t  here. A l l  t he  other p o s s i b i l i t i e s  do not correspond 
t o  periodic solutions.  
3 - 5 - 1  Unbuckled Case 
Both and a r e  posi t ive .  This implies t h a t  (since Y > 0, (+I (-1 
according to Eq. 3.50) 
and ? 
and the  so lu t ion  i s  of t h e  form ( ~ e f .  4 ,  Eq. 17.4.52) 
The dependence of A w, and Ku upon 6, y, and & i s  obtained by combining 
o f  
Eqs. 3.48 and 3.53 and by using Eqs. 3.134 and 1.136* 
This  s o l u t i o n  w i l l  be r e f e r r e d  t o  a s  t h e  "gnbuckled solu t ion"  s ince  it cor- 
responds t o  a p l a t e  v i b r a t i n g  about a f l a t  p o s i t i o n  ( see  Fig. 3 b ) .  
3.5.2 Buckled P l a t e  
One of the  va lues  of A2 and A2 i s  p o s i t i v e  and t h e  o the r  i s  nega- ( + I  (-1 
t i v e .  This  impl ies  t h a t  
* 
By using Eqs. 3.131 and 3.136 
and combining with Eq. 3.48 
which i s  equivalent  t o  Eqs. 3.54, 3.55, and 3.56. 
and t h e  so lu t ion  i s  of the  form (Ref. 4. Eq. 17.4.44) 
The dependence of A U and K upon 6 ,  y and E i s  obtained by combining 
0 ' 
Eqs, 3,48 and 3.58 and by using Eqs. 3.134, 3.135, and 3.136* 
* 
By using Eqs- 3.134, 3.135, and 3.136 
and combining with, Eq. 3.48 
which i s  equivalent  t o  Eqs. 3.59, 3.60, and 3.61. 
This s o l u t i o n  w i l l  be r e f e r r e d  t o  a s  t h e  "buckled so lu t ion"  s ince  it corres- 
ponds t o  a p l a t e  f l u t t e r i n g  around a buckled p o s i t i o n  (see  Fig. 361, 
3.6 The Vector {w, 1 and t h e  Equation f o r  B (t, ) 
Next consider  t h e  vec to r  {W 1. Combining Eqs. 3.17 with the  expressions 4 
f o r  {W (Eq. 3.18). { W 2 1  (Eq. 3.25), {W31 (Eq. 3.45) and {c41 (Eq. 3.91) y i e l d s  1 
with 
+ [q ] " fd& 
at," a t ,  
{ r 4 j = 2 z  a t ,  dt, I 
a34 d'B + { v ]  -
at," st; -f 
where (H and {H 1 a r e  g iven  by Eqs. 3.88 and 3.92. 
0 1 
The cond i t ion  f o r  no secu la r  terms i n  {W i s  4 
2, 
w i t h  BU given by Eq. A.71. Combining Eqs. 3.28, 3.63, and 3.64 y i e l d s  
It may be noted t h a t  t h e  terms wi th  a ~ / a t ~ ,  a ~ / a t ~ ,  and k / a t  d i sappear  be- 1 
cause of Eq.  3.28. Equation 3.65 can  be r e w r i t t e n  as 
where ( i n  : s imi l a r i ty  wi th  Eqs.  3.42, 3.43, and 3.44) 
and a ,  6 and y a r e  given by Eqs. 3.44, 3.43, and 3-42. 
F i n a l l y ,  i f  Eq. 3.66 i s  s a t i s f i e d ,  t h e  so lu t ion  f o r  Eq. 3.62 i s  g iven  
by ( t h e  secu la r  term which appears i n  Eq. -4-68 i s  dropped, a s  before for 
where 
with [N] given by Eq. 3 -27. 
The so lu t ion  f o r  Eq. 3.66 i s  discussed i n  Subsection 3.7. 
3.7 The Function B ( t l )  
I n  t h e  preceding subsect ion,  it was shown t h a t  i n  order  t o  avoid secular 
terms i n  t h e  so lu t ion  f o r  {w4], t h e  condi t ion  expressed by Eq. 3.66 must be 
s a t i s f i e d .  This  equation can be r e w r i t t e n  a s  
with 
d A 00 a3,4 12- at,afi, +-(- at? + p , a + 3 ~ ' -  aA 
a t ,  a t ,  
with 
The last expression f o r  6 i s  obtained by using t h e  d e r i v a t i v e  of Eq .  3 .41  
I n  order  t o  so lve  Eq. 3.70, s e t  
Combining Eqs. 3,70 and 3.74 y i e l d s  
a 
w i t h  ( ) "  = - ( ) ,  and using Eq. 3.74 
which i s  equivalent  t o  
w i t h  
's d t ,  t c 
The integral I i s  discussed i n  Subsection 3.9 and i s  given by Eq. 3.117. The 
explicit expression f o r  the  func t ion  b i s  given by Eq. 3.123. 
It  can be seen t h a t  i f  a E / a t  i s  used t o  avoid secu la r  terms of the  2 
type t Q* then it i s  no t  poss ib le  t o  e l iminate  the  v a r i a b l e  t i n  t h e  equation 
1 1 
f o r  ' (t2). I n  o t h e r  words, i f  a & / a t 2  # 0 ,  it i s  impossible t o  f i n d  a function 
r independent of t **. 1 
On t h e  o t h e r  hand, the  equation f o r  (t2) i s  so  complicated that it 
i s  not of p a r t i c u l a r  i n t e r e s t  here. From t h e  viewpoint of the  app l i ca t ion ,  
it i s  more i n t e r e s t i n g  t o  consider  t h e  s teady-s ta te  problem ( l imi t -cycle  
so lu t ion)  f o r  which 
a E  
-=(.I 
a t 2  
( 3  ,, 8%) 
Then the  i n t e g r a l  I ,  given by Eq. 3.117 reduces t o  ( f o r  = 0 )  
Equation 3.82 con ta ins  secu la r  terms of the  form C t where the  expression 
- - S.T. 1 
f o r  C i s  d i f f e r e n t  f o r  the  unbuckled and the  buckled cases ,  a s  follows S.T. 
For the  unbuckled case  ( t h a t  i s ,  f o r  A given by Eq. 3.53 and I (2 )  given 
by Eq. 3.112) :*** 
(21 
whereas f o r  the  buckled case  ( t h a t  i s ,  f o r  A given by Eq. 3.58 and I given 
by Eq. 3.113) : 
IV 
I n  Eqs. 3.83 and 3.84, E and a r e  given by Eq. 3.138. 
* 
By s e t t i n g  seat, + co = 0 ,  t h e  terms of  type t , Q  a r e  el iminated from 
- I 
Eq. 3.123, but  the  terms of the  type Q d t  a r e  r e t a ined .  
* * 1 
For a b e t t e r  understanding of t h i s  ques t ion ,  see  Sect ions  4 and 5. 
*%* 
Equations 3.114 and 3.137 a r e  used here. 
The condi t ion  f o r  no secu la r  terms 
yields a n  equation f o r  t h e  amplitude of the  l i m i t  cyc le  A o . Note t h a t  t h i s  
equation i s  of t ranscendenta l  form s ince  K (given by Eqs. 3.56 o r  3.61) and 
U 4 
t h u s  E and K depend upon A . Once t h e  secu la r  terms have been el iminated 
0 
from I ,  Eq. 3 , 7 9  can be used t o  eva lua te  b; t h e  secu la r  term i n  b can be 
avoided by assuming a s u i t a b l e  cons tant  value T") f o r  a? /a t ,  ( a c t u a l l y  T (1 
i s  a funct ion  of t3 . . . ; T ( l )  g i v e s  the  dependence of the  period upon E. 
3 -8 The  Nonlinear Terms 
I n  t h i s  subsect ion,  e x p l i c i t  expressions f o r  { C  3 1 and { C  4 (defined 
by Eqs. 3.12 and 3.13) a r e  derived.  Consider, f i r s t ,  t h e  vec to r  { C 3 } .  Note 
t h a t  Eq. 3.18 can be r e w r i t t e n  a s  
Combining Eqs, 3.12 and 3.86 y i e l d s  
w i t h  
Next, consider the  vector  {C 1 .  Note t h a t  Eq. 3.25 can be r e m i t t e n  as  4 
with 
Combining Eqs. 3.13, 3.86, and 3.89 y i e l d s  
with {H 1 given by Eq. 3.88 and 
0 
2 c , ,  u u- 
C,, V- + 3  C, vua 
3 - 9  Mathematical Elaborat ions 
Consider Eqs. 3.79 and 3.80 
w i t h  
where 
Pn t h i s  subsect ion,  the  e x p l i c i t  expression f o r  b i s  obtained.  The 
secular terms a r e  included i n  t h e  ana lys i s .  The d iscuss ion of t h e  secular  
terms i s  given i n  Subsection 3 . 7 .  Equation 3.94 can be r e w r i t t e n  a s  
w i t h  
3.9.1 The I n t e g r a l  I 1 
Consider f i r s t ,  t he  i n t e g r a l  I , given by Eq. 3.97. Note that differ- 1 
e n t i a t i n g  Eq. 3.48 with r e s p e c t  t o  t y i e l d s  (by using Eq. 3.41) 2 
I n  order  t o  f i n d  a ~ / a t ~ ,  it i s  convenient t o  fol low a process  d i s c m e r e d  by 
Hermite (Ref. 6 ,  p. 245): d i f f e r e n t i a t i n g  Eq. 3.49 by having i n  mind t h a t  
only A ,  T, and depend upon t (t and t a r e  independent v a r i a b l e s )  yields 2 1 2 
a 
- =  
I - - -  aA a t ?  d Q  
at ,  J 2 E -pAz.L~4 a t ,  a t ,  J ( ~ E - p a i - ~ a  r FA1 
2 (3,102) 
Equation 3.102 i s  equivalent  t o  
where 
Combining Eqs. 3 . l o 1  and 3.103, one ob ta ins  
Thus, combining Eqs. 3.97 and 3.105 y ie lds*  
- aA 2 a 
- -  at 2 j Z )  s t l ( f , Q ) +  Z at,p4)2 at ,  
3,9,2 The I n t e g r a l  I2 
- 
(0) Consider Eq. 3.98 which involves  the  evaluat ion  of the  i n t e g r a l s  I 
I '2' 1 and I ( 6 )  . Note, t h a t  according t o  Eq. 3 . lo0 
* 





48 I"'+ 45 1l0) 
2 fi A I - - -
- 3d' 
--- 
3 f  36c af, 
and 
Thus, combining Eqs. 3.98, 3.107, 3.108, and 3.109 y i e l d s  
- - -  
* 
Following a procedure used i n  Ref. 5 ,  pp. 605-607, note  t h a t  
a (x J A  A " )  = - ( . I ~ E - ~ A ' -  3 44- 4A h (1 a4 A" 
+ 
- J2 f - p4 t4A4  )tdn-?= l2 f n  A'-' p 
2 
7 
which i s  equ iva len t  t o  a $1 
f r o m  which Eqs. 3.108 and 3.109 a r e  obtained f o r  n = 1 and n = 3 ,  respectively, 
w i t h  
The  i n t e g r a l  I(2) cannot be expressed i n  terms of the  Jacobian e l l i p t i c  
func t ion .  For t h e  unbuckled case  (A given by Eq. 3 . 5 3 )  . I (2)  i s  given by 
{ R e f ,  6 ,  p a  235) 
whereas for t he  buckled case  (A given by Eq. 3 . 5 8 )  
w i t h  (see Eq. 3.1411 
where E(u) i s  the Legendre f i r s t  e l l i p t i c  integral. Note t h a t  
a s  i s  shown by Eq. 3.137. 
3.9.3 The Function b 
Consider t h e  func t ion  b a s  def ined  by Eq. 3.93 
where I i s  obtained by combining Eqs. 3.96, 3.106, 2nd 3.110 
1 = [ae 2 (-L,Q) + 
af, a+, 
" J A A + ~ ~ ~ A A ~ + ~  t C.4 - 
a t ,  at ,  
Combining Eqs. 3.116 and 3.117 
8 
Note t h a t  by i n t e g r a t i n g  by p a r t s  
(2 - = t, Q - J Q ~ J  
at, 
Fur thersnore , * 
w i t h  
al4 J"'= / A  (- a t ,  )-hi = /,4'["~ )-%,A 
at, 
- a4 P J ( "  'A- 
- -- 
r r- 2 6  
Thus, co~smbininq Eqs. 3.118, 3.120, and 3.122 y i e l d s  
b = -  id2 += i l t ~ ( f , ~ - / ~ ~ / * l /  
a t ,  a t 2  
R 2 By s e t t i n g  A = 5 ,  one ob ta ins  the  elementary i n t e g r a l  
X * 
N o t e  t h a t  
3.9.4 The Function Q 
Consider t h e  funct ion  Q defined by Eq. 3.104 
where (using Eq. 3.136) 
dA = - A ,  s h r w t , )  d n ( w t , )  
a t ,  
f o r  the  unbuckled case ( A  given by Eq. 3.53) and 
f o r  the  buckled case (A given by Eq. 3.58). Note t h a t *  (see  Eqs. 3 , 1 3 4 ,  3-135, 
and 3.139) 
and 
Thus f o r  the  unbuckled case  
I 
= - [ N s ~ ? K 2 A / d ~ )  (unbuckled) (3,129) A h  
* 
The genera l  procedure i s  given i n  Ref. 6 where use of t h e  genera l   laide el 
funct ion  i s  made. 
and for  t h e  buckled case  
(buckled) 
The expressiqns f o r  N s ,  Nd, and Nc a r e  given by Eqs. 3.141. 
3,10 The Jacobian E l l i p t i c  Functions 
Consider t h e  Lagrangian e l l i p t i c  i n t e g r a l  of the  f i r s t  kind (Ref. 7 ,  
P, 541 
By taking t he  inverse  func t ion  one ob ta ins  t h e  Jacobian amplitude 
T h e  Jacobian e l l i p t i c  funct ions  a r e  defined by(Ref. 7, ~ ~ 9 2 )  
These funct ions  a r e  p l o t t e d ,  f o r  convenience, i n  Figs.  3a, 3b, and 3c. The 
functions s, c ,  and d s a t i s f y  the  following p r o p e r t i e s  (Ref. 7 ,  p. 96) 
It  i s  convenient t o  in t roduce  the  funct ion  E (Ref. 7 pp.97-989 
where zn(u) i s  a  pe r iod ic  funct ion  ( t h e  Jacobian Zeba funct ion ,  see  R e f ,  7 ,  
p. 98) p l o t t e d  i n  Fig. 3d and 
a r e  the  complete e l l i p t i c  i n t e g r a l  of f i r s t -  and second-kind, r e spec t ive ly  
(Ref. 7 ,  p  54) .  I t  i s  convenient a l s o  t o  complete the  e l l i p t i c  funct ions  by 
introducing t h e  following funct ions  
The twelve func t ions  (Gla i sde l ' s  funct ions)  defined by Eqs. 3.133, 3,134, 3,135,  
and 3,139 have very i n t e r e s t i n g  p r o p e r t i e s ,  described i n  Ref. 6.  I t  should be 
noted t h a t  the  i n t e g r a l  of the  square of any of these  funct ions  i s  not expres- 
s i b l e  i n  terms of t h e  Jacobian funct ions .  They w i l l  be indica ted  a s  
where p r  s tands  f o r  any combination of s,  c ,  d ,  and n* (Ref. 6 ,  p. 2351, These 
funct ions  can be expressed i n  terms of the  funct ion  E (defined by Eq, 3,136) 
a s  fo l lows (Ref. 6, p. 238) 
* 
f o r  example, Dnu = u  2  dn udu = E (u) (see  Eq. 3.136). 
0 
w i t h  
SECTION 4 
SMALL DAMPING TERMS 
4.1 In t roduct ion  and Summary 
I n  t h i s  s e c t i o n ,  t h e  problem of m a l l  damping has  been s tudied ,  Assume 
t h a t  t h e  damping i s  of order  E 
Then the  governing equation i s  given by 
Note t h a t  with t h i s  magnitude of damping, t h e  imaginary part of u i n  Eq. 2.40 
of Ref. 2 i s  of order  E, hence the  r e a l  p a r t s  of a ,  6 ,  and y i n  Eqs. 2 . 7 1 ,  
2.69,  and 2.70 of Ref. 2 a r e  a l s o  of  order  E. Therefore a l ~ l / a t ~  i n  Eq. La) 
of the  footnote  following Eq. 2.72 of Ref. 2 i s  of order  E. This obviously 
v i o l a t e s  the  p r i n c i p l e  of balancing terms of order  €. Therefore, a new 
sca l ing  i s  needed. A convenient s e t  of sca l ings  has been chosen i n  E q s ,  4 - 3  
and 4.4. Note t h a t  t h e  "odd" s c a l e s ,  tl, t 3 t  . , a s  well  a s  the  "even" 
vec to r s  {W 1 ,  {W 1 have been introduced.  The f i r s t - o r d e r  system, Eq.  4 - 1 0 ,  2 4 
i s  s tudied  i n  Subsection 4.3, where. it i s  shown t h a t  h cannot be determined 
ye t .  The secu la r  terms i n  the  second-order system (Subsection 4.4) can be 
avoided by a s u i t a b l e  choice of hF.  A s  a consequence, the  so lu t ion  does 
- 
not  depend upon t Next, i n  order  t o  avoid secular  terms i n  the  third-order 1 ' 
system, one ob ta ins  the  v a r i a t i o n  with t which i s  pe r iod ic  and does n o t  y i e l d  2 
any l i m i t  cyc le .  F i n a l l y ,  by avoiding secu la r  terms on t h e  fourth-order system, 
one ob ta ins  an equation i n  t h e  s c a l e  t The r e a l  p a r t  y i e l d s  t h e  change of 3 ' 
amplitude i n  time and the  l imi t -cycle  type of behavior. But t h e  imaginary' p a r t  
cannot be s a t i s f i e d  un less  t h e  s teady s t a t e  has been reached. I n  other words, 
secular  terms cannot be el iminated completely during t r a n s i e n t  response, This 
study shows t h a t  al though t h e  mul t ip le  time s c a l e  enables one t o  see  the 
variation of the  amplitude and p r e d i c t  t h e  l i m i t  cyc le  amplitude, it i s  not  
general  enough t o  avoid secular  terms during t r a n s i e n t  response. A poss ib le  
i n t e r p r e t a t i o n  of t h e  exis tence  of  secu la r  terms i n  the  t r a n s i e n t  response 
i s  g iven  i n  Sect ion  5. 
4.2 General Formulation 
~ a v i n g  introduced damping terms of o rde r  E,  it i s  convenient t o  i n t r o -  
duce mult ip le  time s c a l e s  of t h e  form 
N o t e  t h a t  t h e  "odd7' s c a l e s  tl, t3, . . . , and t h e  "even" v e c t o r s  N2, W 4 ,  . . . 
have been included. Combining Eqs. 4.1, 4.3, and 4.4 y i e l d s ,  i n  matr ix  form, 
(see Eqs, 2.2, 2.4, and 2.5) 
Separat ing terms of t h e  same order  y i e l d s  the  following s e t  of systems: 
Order E: 
2 Order E : 
+ 2 2  at ,  a t ,  (N, ~ C T I $ ( W ~  
3 Order E : 
4 
O r d e r  E: : 
+ ( 2 3 1  t 2- d2 
at. at 5 at, at, w, 
4.3 The Vector {Wl} 
Consider,  f i r s t ,  t h e  v e c t o r  {W ) which can  be obta ined  by so lv ing  1 
Eq.  4.10 a s  fo l lows .  F i r s t ,  s e t  
Th i s  i s  equ iva l en t  t o  
p4t (n:+n; ).p'.+n;n:+n:-o 
which y i e l d s  
Thus, t h e r e  a r e  f o u r  r o o t s .  These r o o t s  can be w r i t t e n  i n  a more i n t e r e s t i n g  
form by in t roduc ing  t h e  p o s i t i v e  parameter ~l < 1, such t h a t  
Then Eq. 4.17 reduces  t o  
w i t h  
T h u s ,  t h e  so lu t ion  f o r  Eq. 4.10 i s  given by 
where A+ and A a r e  func t ions  of t t and so on, and furthermore 
- 1' 2' 
i s  the  eigenvector  of the  equation 
o r ,  i n  e x p l i c i t  form (see  Eq. 4 .2)  
(n;-df ) - A, u t = o  
o r ,  using only  t h e  f i r s t  equation 
IJ- =- l t r .  - d- I 
I-'I L" 
Note t h a t  t h e  value of Tl cannot be determined from t h e  system of order E, As 
i s  shown i n  the  next  sec t ion ,  t h e  va lue  of q(and thus  of $) is  determined by 
2 
t he  e f f e c t  of  damping terms on t h e  system of order  E . 
4.4 The Vector {W2} and the  Rela t ion  a ~ / a t  = 0 
1 
Consider the  vector  {W ), which can be obtained by solving Eqs, 4-13. 2 
and 4.21, y ie ld ing 
with 
(4,291 
I n  order  t o  avoid secu la r  terms, t h e  condit ions* 
* L Where, a s  usua l ,  [U+l = [ l ,  - u+] 
- - 
must be s a t i s f i e d .  This  y i e l d s  
Assume that 
Then She use of Eq. 4.27 y i e l d s  
whereas the  use of Eq. 4.26 y i e l d s  
- 
&;.o f o r  u;; J / g z  
2 - Thus t h e  so lu t ion  becomes uns table  f o r  u+ > gl/g2. Hence, it i s  convenient 
to choose 77 such t h a t  the  so lu t ion  i s  a t  t h e  l i m i t  of the s t a b i l i t y :  
o r  (see  Eq. 4.27) 
which impl ies  (see  Eq. 4.18) 
I n  t h e  fol lowing,  t h e  so lu t ion  a t  t h e  value of A given i n  Eq,, 4 .38  i s  
0 
considered. Furthermore, f o r  t h e  sake of s impl ic i ty ,  t h e  term of Eq:, 4 - 3 5  
which con ta ins  A - i s  dropped s ince  A - i s  exponent ia l ly  damped. Thus;, Eq, 4 - 2 1  
can be r e w r i t t e n  a s  
where A i s  a  funct ion  of t 2'  t3n and so on. Therefore 




Note that by using Eq. 4 .1 and neglec t ing  higher order  terms, these  r e s u l t s  
agree exactly with those obtained i n  Ref. 2,  Sect ion  2. 
F i n a l l y ,  Eq.  4.28 can be solved t o  y ie ld  
w i t h  B a funct ion  of tl, t and s o  on, and 2 
w i t h  
and (see Eq. 4.41) 
iw t 
Note t h a t  terms with @ - o have been dropped s ince  it can be shown t h a t  they 
are also exponent ia l ly  damped. 
  in ally, t h e  condi t ion  0 = 0 ,  ( see  Eq. 4.36) which d e f i n e s  the  value + 
of can be r e w r i t t e n  a s  (see  Eq. 4.42) 
0 
4.5  The Vec tor  {W 1 and t h e  F u n c t i o n  A ( t  ) 3 2 
Consider  t h e  v e c t o r  {W 1 .  Combining Eqs. 4.12,  4.39,  and 4.43 yields 3 
w i t h  ( n o t i n g  t h a t  a ~ / a t ~  = 0,  s e e  Eq. 4.40) 
a2 2 + 2 -  
at: at,at, w, 
where by u s i n g  t h e  e x p l i c i t  e x p r e s s i o n  f o r  {c3} ( s e e  Eq. 4.112) : 
In order t o  avoid secular  terms t h e  condi t ion  
must be s a t i s f i e d .  By making use  of Eq. 4.48,  t h i s  y i e l d s  




I n  e x p l i c i t  form 
- - 
From Eq.  4.60, it i s  obvious t h a t  a ,  @,and 7 a r e  imaginary. That i s  
Thus by s e t t i n g  
Equation 4.56 y i e l d s  
and 
whese the  following r e l a t i o n s  have been used (see Eq. 4.61) 
Thus W i s  given by Eq. 4.62 with I A[ independent of  t and 2 
w i t h  $ a :Eunction of t 
0 
3 ,  t4, and so  on. 
F i n a l l y ,  s ince  Eqs. 4.55 and 4.56 a r e  s a t i s f i e d ,  then Eq. 4.53 i s  a l s o  
satisfied and t h e  vec to r  {W 1 does no t  conta in  secu la r  terms and i s  given by 3 
w i t h  
N o t e  that, according t o  Eqs .  4.40 and 4.55 
and t h a t  combining Eqs. 4.51, 4.55, and 4.68 
wi th  {v} g iven  by Eq. 4.45 and 
- - -  
Note t h e  s i m i l a r i t y  of t h e  d e f i n i t i o n  o f  a ,  6 ,  Y (Eqs. 4.57 t o  4,591 and 
{ p a } ,  { P ~ }  and {P 1. Y 
4 -6 The Vector  {W and t h e  Equat ion f o r  B 4 
Consider t h e  v e c t o r  {W 1. Combining Eqs. 4.13, 4.39, 4.44, a.nd 4 - 6 7  4 
y i e l d s ,  by t a k i n g  i n t o  account  t h a t  a ~ / a t  = 0 (Eq. 4.40 and a ~ / a t ~  = 01 
(Eq. 4.55 and Eq. 4.701, 
with ( (c is explicitly defined in Eq. 4.118) 4 
with 
and (see Eq. 4.691 
En o r d e r  t o  avoid  s e c u l a r  terms f o r  {W ), t h e  c o n d i t i o n  4  
must be s a t i s f i e d .  Combining Eqs. 4.48, 4.77, and 4.78 y i e l d s  
(x 3-t.1 t ~ t ~ ) + p B + f ( 2 ~ ~ X ~ + A z B ~ J  a t ,  a t 3  
- - 
w i t h  a ,  B, and g iven  by Eqs. 4.57 t o  4.59 and 
- .  
Ewation 4.80 is s a t i s f i e d  by 
and 
The s o l u t i o n  f o r  Eq. 4.84 i s  discussed i n  Subsection 4,7. Once t h i s  equation 
i s  s a t i s f i e d ,  the  so lu t ion  f o r  Eq. 4.73 i s  given by 
with 
and 
4.7 The Functions B ( t  ) and A ( t  ,t ) 2 2 3 
I n  t h i s  subsect ion ,  t h e  so lu t ion  f o r  Eq. 4.84 i s  discussed.  As shorn 
below, t h i s  y i e l d s  the  dependence of B upon t and of A upon t Letting 2 3 ' 
B =  b A  f4,88) 
and combining with Eq. 4.84 y i e l d s  
or by us ing  t h e  d i f f e r e n t i a l  equat ion  f o r  A (Eq. 4.56) 
Note t h a t  z, 8, and 7 a r e  imaginary (Eq. 4.61). O n  t h e  o t h e r  hand. according 
-I t o  Egs, 4 . 8 0  t o  4.82, i s  real; whereas 
are imaginary. Thus, Eq. 4.90 can  be r e w r i t t e n  as 
w i t h  
N o t e  that* 
* 
Accordring. t o  Eq. 4.62, Rn A = Rn I A ]  + i (4 + 2nn) . 
Thus, by s e t t i n g  
b = b R t i b r  
and by separa t ing  r e a l  and imaginary p a r t s ,  one o b t a i n s  
- 
ab z 1+2d;IAl ba +% = O  
at, at3  
I n  order  t o  avoid secu la r  terms f o r  b t h e  condi t ion  
R' 
must be s a t i s f i e d .  Then Eq. 4.96 reduces t o  
which impl ies  t h a t  b i s  an  a r b i t r a r y  func t ion  of t 3'  t4f and s o  on. On the  R 
o the r  hand, Eq.  4.98 can be r e w r i t t e n  a s  
The so lu t ion  f o r  Eq. 4.100 i s  given by 
where k i s  an a r b i t r a r y  funct ion  of t 4~ tt5, . 
Next, consider  Eq. 4.97, which can be r e w r i t t e n  a s  ( see  Eq. 4,661 
This equation y i e l d s  secu la r  terms (of type t ) un less  2 
2 
and "super-secular t e r m s "  (of type t2) u n l e s s  
~ q e l a t i o n  4.103 i s  s a t i s f i e d  by 
and 





(s teady-s ta te  case)  s ince  y # 0. Then Eq. 4.102 reduces t o  
I 
which implies t h a t  b i s  an a r b i t r a r y  func t ion  of t I 3 , tq , and s o  on. In 
particular, one can choose 
Summarizing, Eq. 4.74 can be solved by 
=k t he  condi t ion  
( l i m i t  cyc le)  ( 4  ,1111 
i s  s a t i s f i e d .  On t h e  o t h e r  hand, during t h e  t r a n s i e n t  response t h e  multiple 
time sca l ing  technique can p r e d i c t  t h e  v a r i a t i o n  of t h e  amplitude I A I  but  i s  
not  genera l  enough t o  e l imina te  t h e  secu la r  terms by a s u i t a b l e  change of the  
frequency with time. An i n t e r p r e t a t i o n  of t h i s  r e s u l t  i s  given i n  Subsection 4.9 .  
4.8 The Nonlinear Terms 
I n  t h i s  subsect ion an e x p l i c i t  expression f o r  {C 3 1 and {C 4 i s  der ived,  
Consider f i r  st , {c3 1. Combining Eqs. 4.8 and 4.39 y i e l d s  
with 
Next, cons ider  {C 4 1 ;  combining Eqs. 4.9, 4.39, and 4.44 y i e l d s  
ic4\= [ c,, 3 *: LJ;, t CP w , z ~ Z : t  2 6, aldZ1) 
c z ,  (2G,,4(zG, t % , z a > ) t c 2 ~  3 ld; U z 2  
where, s ~ e t t i n g  for convenience 
el, c2' and C2 a r e  given by (note t h a t  u* = u and v* = - v )  
C o l l e c t i n g  t e r m s  
wi th  {H ) g iven  by Eq. 4.114 and 1 
[ {C122U 
c,, t 3 C 2 z  Lt2 
Consider t h e  ampli tude of t h e  l i m i t  c y c l e  g iven  by Eq. 4.111. corn- 
b in ing  Eq. 4.111 and Eq. 4.93 y i e l d s  
where 8 ,  y ,  $\nd y h r e  g iven  by Eqs. 4.81 and 4.82. Note t h a t  Eqs, 4 - 8 0  
t o  4.82 can  be r e w r i t t e n  i n  s imple form as 
where 
w i t h  v g iven  by Eq. 4.47. 
I n  e x p l i c i t  form 
Combining Eqs. 4.60 and 4.123 y i e l d s  
d 4 ' ( / 3 L f ) =  Z i w  [-2A,- r ' w & F ) ( / + f i 2 )  (4.124) 
. J & ' I ~ ' X ) =  d i d  ~ ~ [ 3 ~ , , t ( / + ~ ~ ~ j < , - ( 2 t i i ' j ~ 1  (4.125) 
Thus combining Eqs .  4.120, 4.124, and 4.125 
- 3 c z z G 2  
A'= -A( 1 + i l z ] [ 3 ~ , ,  t (1+26') C I2 - (2t Qz) cZI a (4.126) 
3 ( 1 +iwgac /2~2  ) 
This result i s  e q u a l  t o  t h e  one g i v e n  f o r  9/2 i n  Ref. 1, e x c e p t  f o r  t h e  
factor 
which is ,probably  r e l a t e d  t o  t h e  f a c t  t h a t  A (Eq. 4.38) i s  d i f f e r e n t  from 
0 
A, bEq. A.13) 
& 
Fur ther  a n a l y s i s  i s  needed. 
F i n a l l y ,  cons ide r  a comparison of t h e  c o e f f i c i e n t s  6 and y used i n  
S e c t i o n  2 of  Ref. 2 and t h e  c o e f f i c i e n t s  8, 7, 6, and Y used here .  N c l t e  that 
according t o  Eqs. 2.37 t o  2.39 of S e c t i o n  2 ,  Ref. 2 
where u i s  g iven  by (see Eqs. 2.41 and 2.42 o f  Ref. 2) 
AS suming 
o r  
Equat ion 4.130 y i e l d s  
w i t h  ; g iven  by Eq. 4.33 and ; given  by Eq. 4.47. 
By us ing  Eqs. 4.131 and 4.132, Eq. 4.129 y i e l d s  
d ~ = 3 C  ,,  t (c,,- C,, ) d z -  ~ 2 1  a43 
Comparing E q s .  4.60, 4.121 and 
This yie:Lds 
SECTION 5 
SUMMARY AND CONCLUSIONS 
5.1 Summary 
I n  t h i s  r e p o r t ,  t h e  r e s u l t s  obtained i n  Refs. 1 and 2 have been extended 
to  inc lude  the  fol lowing cases :  
1. The e f f e c t  of f i f th -o rde r  nonlinear  t e r m s .  
2. Flut ter-buckling i n t e r a c t i o n .  
3 .  Small damping terms. 
The r e s u l t s  of including these  t h r e e  a spec t s  a r e  discussed i n  t h i s  
sec t ion .  
5.2 Fifth-Order Nonlinear Terms 
I n  Sect ion  2 ,  t he  a n a l y s i s  i s  extended t o  inc lude  f i f th -o rde r  nonlinear  
terms. The main r e s u l t  of t h e  new a n a l y s i s  i s  t h a t  t h e  curve which grives t he  
l imi t -cycle  amplitude a s  a func t ion  of A can "bend". 
More s p e c i f i c a l l y ,  t h e  th i rd-order  a n a l y s i s  shows t h a t  f o r  ( s t a b i l i z i n g )  
th i rd-order  nonlinear  terms, t h e r e  e x i s t s  a s t a b l e  l i m i t  cyc le  f o r  A g r e a t e r  
than a c r i t i c a l  value. The f i f th -o rde r  a n a l y s i s  shows t h a t  d e s t a b i l i z i n g  non- 
l i n e a r  terms has the  e f f e c t  t h a t  t h e  curve amplitude versus  A, "bends" t o  
t h e  l e f t ,  c r e a t i n g  a second branch of t h e  curve which represen t s  an  uinstable - 
l i m i t  cyc le .  
I t  should be noted t h a t  i n  order  t o  o b t a i n  t h e  "bending'Qehavpior, the  
parameter A i s  expanded i n  terms of c2 (see  Eq. 2.10). The c o e f f i c i e n t  4 
(which y i e l d s  t h e  bending of t h e  curve amplitude ve r sus  A)  i s  obtained (see Sub- 
s e c t i o n  2.5) by physica l  assumption (without any mathematical mot ivat ion) .  In 
order  t o  v e r i f y  t h e  co r rec tness  of t h i s  assumption, t h e  a n a l y s i s  i s  alpplied to 
a problem f o r  which a l imi t -cycle  s o l u t i o n  can be e a s i l y  found. The equation 
considered i n  Appendix B was "constructed" from t h e  des i red  solu t ion .  T h e  
r e s u l t s  show t h a t  t h e  assumption y i e l d s  t h e  c o r r e c t  so lu t ion .  
F i n a l l y ,  t h e  method i s  compared with the  "two time-scaling" tecchniqe 
(Refs. 8 and 9) ,  which was modified here i n  order  t o  make it s u f f i c i e n t l y  versa- 
t i l e .  
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The r e s u l t s  obtained with the  two methods (multiple-time-scaling and modified 
two-time--scaling) a r e  t h e  same (see  Subsection B . 6 ) .  
5 , 3  Flutter-Buckling I n t e r a c t i o n  
I n  Section 4 ,  t h e  a n a l y s i s  i s  extended t o  inc lude  the  behavior of t h e  
p l a t e  iaa  t h e  region of  i n t e r a c t i o n  of f l u t t e r  with buckling. A t  t h e  i n t e r -  
section of t he  f l u t t e r - s t a b i l i t y  boundary wi th  t h e  buck l ing-s t ab i l i ty  boundary, 
the  f lut i ter  frequency i s  equal  t o  zero (see  Sect ion  1) . Thus, d is regarding 
the  damped p a r t ,  t h e  so lu t ion  does no t  depend upon t . Hence, a completely 
0 
new a n a l y s i s  i s  necessary. 
The r e s u l t  of the  new a n a l y s i s  can be summarized a s  fol lows.  I n  order  
t o  avoid secu la r  terms i n  t h e  third-order system, one ob ta ins  t h e  dependence 
of the so lu t ion  on tl. This  i s  given i n  terms of Jacobian e l l i p t i c  funct ions .  
Then i n  order  t o  avoid secu la r  terms i n  t h e  fourth-order system, one ob ta ins  
the a p l . i t u d e  of the  l i m i t  cyc le .  I t  should be noted t h a t  during the  t r a n s i e n t ,  
it i s  impossible t o  e l iminate  a l l  of t h e  secu la r  terms. By e l iminat ing  the  
most important ones, t h e  v a r i a t i o n  of t h e  amplitude with t can be obtained. 2 
P;%ar$her explora t ion  i s  needed i n  order  t o  understand the  reason t h a t  the  method 
fai led i i a  t h i s  case. A similar behavior i s  observed f o r  small  damping coef- 
f i c i e n t s  f o r  which a poss ib le  explanation i s  given i n  Subsection 5.4. 
5,4 m a l l  Damping Coef f i c i en t s  
In Section 4 ,  t h e  a n a l y s i s  i s  reformulated by assuming t h a t  the  damping 
coefficic2nts a r e  very small (of order  E) . The most important r e s u l t s  a r e  
ar ixed here. The second-order system y i e l d s  the  value of I\ which makes 
the system unstable.  This  va lue  i s  (neglec t ing  terms of order  9.1 equal t o  
1 
the one obtained i n  Ref. 2. Thus, avoiding secu la r  terms i n  t h e  third-order 
system y.ields an equation f o r  t h e  amplitude a s  a func t ion  of t whose solu- 2 ' 
t i o n  i s  pe r iod ic  ( t h e  per iod  depends upon the  ampli tude).  
F ina l ly ,  by avoiding the  secu la r  terms of the  fourth-order,  one ob ta ins  
the limi't-cycle amplitude.* This  amplitude i s  very  c l o s e  t o  t h e  one obtained 
* 
This i s  i n  c o n t r a s t  t o  t h e  r e s u l t s  obtained i n  Ref. 2 where a l imi t -cycle  be- 
havior was obtained by avoiding secu la r  terms i n  t h e  third-order system. 
i n  Ref. 1, t h e  only d i f f e r e n c e  being a cons tan t  c l o s e  t o  uni ty .  However, it 
should be noted t h a t  during the  t r a n s i e n t ,  t he  secu la r  t e r m s  cannot be e l i m i -  
nated completely. An i n t e r p r e t a t i o n  of t h i s  i s  given i n  the  following, 
Consider t h e  funct ion  given by Eqs. 2.31, 2.32, and 2.33, 
with 
For small damping terms (of order  E) BR and Y a r e  a l s o  of  order  E (see R 
Subsection 4 . 9 ) ;  whereas 6 and 6 a r e  of order  one. Thus s e t t i n g  I I 
Equations 5.1 and 5.2 can be r e w r i t t e n  a s  
with 
I t  i s  known t h a t  a term such a s  
has no asymptotic expansion. Thus, the  presence of the  term given by Eq, 5 - 6  
i n  t h e  so lu t ion  could be t h e  reason t h a t ,  a s  mentioned above, during the 
t r a n s i e n t  it i s  impossible t o  avoid a l l  t he  secu la r  terms. Further  exploration 
t o  v e r i f y  t h i s  i n t e r p r e t a t i o n  i s  needed. 
5,s Final. Remarks 
The r e s u l t s  obtained here  bring a new understanding of t h e  mul t ip le-  
time-scali.ng technique. However, t h e  l i m i t a t i o n  mentioned i n  Subsections 5.3 
and 5-4 need f u r t h e r  explora t ion .  Probably a combination of multiple-time 
scaling and the  two-time-scaling technique ( t h a t  i s ,  a mult iple-t ime sca l ing  
w i t h  the  s t r e t c h i n g  of a l l  t he  s c a l e s )  might be s u f f i c i e n t l y  f l e x i b l e  t o  avoid 
a l l  the  secular  terms. Fur ther  e f f o r t  i s  a l s o  needed t o  extend t h e  r e s u l t s  
obtained here t o  the  case of many modes. F i n a l l y ,  numerical app l i ca t ion  should 
be done i n  order  t o  compare the  r e s u l t s  of t h i s  a n a l y s i s  with those obtained 
by using a d i f f e r e n t  approach. 
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THE LINEAR CASE 
A . l  In t roduct ion  
A s  mentioned i n  Section 1, a  c l e a r  understanding of the  l inea r i zed  
p a n e l - f l u t t e r  problem i s  necessary i n  order  t o  s tudy the  nonlinear  panel 
f l u t t e r .  The r e s u l t s  of the  l i n e a r i z e d  a n a l y s i s  a r e  p a r t i c u l a r l y  important 
f o r  t h e  formulation of the  f lu t t e r -buck l ing  i n t e r a c t i o n .  I n ' t h i s  appendix, 
the  Linearized problem i s  s tudied  'in d e t a i l .  
The l i n e a r i z e d  equation of t h e  N-mode panel  f l u t t e r  a r e  obtained from 
Eq. 1.3 by dropping the  nonlinear  terms: 
I n  p a r t i c u l a r ,  f o r  the  two-mode case ,  Eq. 1.8 y i e l d s  
with given by Eq.  1.10. The region of s t a b i l i t y  of Eq. A . 2  i s  determined i n  
Subsections A . 2 ,  A . 3 ,  and A.4. P a r t i c u l a r  emphasis i s  given t o  the  i n t e r -  
sec t ion  of the  f l u t t e r  boundary with the  buckling boundary. The r e s u l t s  ob- 
ta ined a r e  applied i n  Subsection A . 5  t o  t h e  case of an i n f i n i t e  simply-supported 
p l a t e  f o r  which (see  Ref. 2 ,  Appendix A) 
where PJ i s  the  applied membrane f o r c e  and 
The so lu t ion  f o r  Eq. A.2  on the  f l u t t e r  boundary and a t  the  f l u t t e r -  
buckling-intersect ion p o i n t  i s  discussed i n  Subsections A .6  and A . 7 ,  respec- 
tively, F'urthermore, some genera l i za t ions  a r e  discussed i n  Subsection A.8. 
A - 2  General Formulation - Buckling and F l u t t e r  
A s  i s  well  known, t h e  so lu t ion  f o r  Eq. A . 2  i s  a l i n e a r  combination of 
p a r t i c u l a r  so lu t ions  of the  form 
(A. 5) 
Combining Eqs. A.2  and A . 5  y i e l d s  the  a lgebra ic  system connected t o  t h e  d i f f e r -  
ential system given by Eq. A.2 .  The a l g e b r a i c  system, w r i t t e n  i n  matr ix  f o r m ,  
i s  given by 
( A .  6) 
The c h a r a c t e r i s t i c  va lues  of p a r e  obtained by solving the  c h a r a c t e r i s t i c  equa- 
tion, The c h a r a c t e r i s t i c  equation of t h i s  system i s  obtained by s e t t i n g  t h e  
determinant of t h e  c o e f f i c i e n t s  equal  t o  zero ,  which y i e l d s  
The s t a b i l i t y  boundary i s  the  l i n e  separa t ing  a region of  s t a b l e  solu- 
t i o n  ( r e a l  p < 0) and a region of uns table  s o l u t i o n  (r.eal p > 0 )  ; t h a t  i s  t h e  
l i n e  on which r e a l  p = 0 .  Thus, the  s t a b i l i t y  boundary i s  obtained by setting 
p = i w  and equating both r e a l  and imaginary p a r t s  of  Eq, 4.7 t o  z e r o ,  This 
y i e l d s  
The second equation y i e l d s  two p o s s i b i l i t i e s :  assuming t h a t  w # 0 y i e l d s  
and the  f i r s t  
(A. 11) 
%he subsc r ip t  F s tands  f o r  - f l u t t e r * .  Equation A.12 g i v e s  the  f l u t t e r  value f o r  
the dynami.~ pressure  parameter A ,  and Eq. ~ . l l  g ives  the  f l u t t e r  frequency. 
Consider next ,  t h e  second p o s s i b i l i t y  i n  Eq. A.10 
Combining with Eq. A.9 y i e l d s  
The subsc r ip t  B has been used because Eq. A.15 represen t s  t h e  - buckling condi- 
tion*", The buckling frequency is  zero. 
A - 3  Genelfal Studv of S t a b i l i t y  
The condi t ions  fox t h e  s t a b i l i t y  of t h e  c h a r a c t e r i s t i c  equation given 
by Eq. A . 7  a r e :  a > 0, b > 0, c > 0, d > 0,  and 
The first condi t ion  y i e l d s  
Ic t h e  following, it i s  assumed t h a t  g > 0 so  t h a t  t h i s  condi t ion  i s  always k 
satisfied. The second, t h i r d ,  and f o u r t h  condi t ions  y i e l d  
(A. 18)  
* 
Flutter i s  an i n s t a b i l i t y  of v i b r a t i o n  with growing amplitude; t h a t  i s  p = 
6 2 iu w i t h  6 > 0. The f l u t t e r  boundary i s  defined by 6 = 0. 
* * 
Buckling i s  an i n s t a b i l i t y  with exponential  growth;that  i s  p i s  r e a l  and 
positive, The buckling boundary i s  defined by p = 0. 
F i n a l l y ,  Eq. A.16 may be r e w r i t t e n  a s  
which y i e l d s  
which y i e l d s  
I t  should be noted t h a t  t h i s  condi t ion  corresponds t o  t h e  flutter con- 
d i t i o n  a s  i s  seen by comparing Eqs .  A.13 and A.24. S imi la r ly ,  comparing 
Eqs. A . 1 5  and A . 2 0  shows t h a t  t h e  condi t ion  d  > 0 corresponds t o  the  buckling 
condit ion.  F i n a l l y ,  the  condi t ion  c  > 0 corresponds t o  t h e  condit ion LO' F > 0 
(compare Eqs. A, 26 and A. 19)  . 
I n  order  t o  determine the  region of s t a b i l i t y ,  it i s  convenient t o  find 
t he  condi t ions  under which A 
= Ag The remainder of Subsection A.3 i s  de- F 
voted t o  f inding these  condi t ions .  Using Eqs. A.12 and A.15, y ie lds*  
* 2 2 
This corresponds t o  s a t i s f y i n g  simultaneously the  condi t ions  c  = abc - a d = 
0, and d  = 0, which impl ies  t h a t  c  (c  - ab) = 0. 
Thus ,  t he re  e x i s t  two i n t e r s e c t i n g  p o i n t s  defined by 
and 
( i n t e r s e c t i o n  1) (A.  26) 
( i n t e r s e c t i o n  2 )  (A. 27)  
A-4 The Region of S t a b i l i t y  i n  t h e A , ~  Plane 
I n  the  preceding subsect ion,  t h e  condi t ions  f o r  the  s t a b i l i t y  of t h e  
c h a r a c t e r i s t i c  equation were derived.  These condi t ions  a r e :  
b > 0 ,  or  Eq. A . 1 8  
(condi t ion  b) ( A .  28) 
c > 0 ,  or  Eq. A.19, 
(condi t ion  c )  (A. 29) 
d > 0 ,  or Eq. A.20 
A' >A', = -n:n: (buckling condi t ion)  (A.30) 
2 2 
c - abc + a d  < 0, o r  Eq. A . 2 4  
31az 
( f l u t t e r  condi t ion)  
81t82 
Finally, the  condi t ions  f o r  f12 = n2 a r e  e i t h e r  Eq. A.26 
F B 
&n:t $,n:=o ( i n t e r s e c t i o n  1) 
or Eg. A.27 
( i n t e r s e c t i o n  2 )  
(A. 31) 
(A. 32) 
I n  t h e  fol lowing,  these  equations a r e  r e w r i t t e n  by expressing n2 B and 
2 R i n  t e r m s  of the  membrane-compression fo rce  N ,  according t o  Eq. ~ . 2 ,  2 
(A,  34) 
Consider f i r s t ,  condi t ion  b and condi t ion  c.  Combining Eqs. A.28, A . 2 9 ,  and 
A. 34 y i e l d s  
and 
with 
( A ,  3 7 )  
(A, 3 8 )  
(A, 39) 
g ~ , 4 0 )  
where the  following d e f i n i t i o n s  have been used: 
Consider next ,  t he  buckling and t h e  f l u t t e r  condi t ions .  Combining Eqs, 8.30 
and ~ . 3 4  y i e l d s  
S h i l a r B y ,  combining Eqs. A.31 and A.34 y i e l d s  
(A. 43) 
Pinally, the two i n t e r s e c t i o n  condi t ions  de f ine  t h e  two values  f o r  N ( ~ ( l )  and 
N ' ~ '  for i n t e r s e c t i o n s  1 and 2 ,  r e s p e c t i v e l y ) .  Since the  equation f o r  i n t e r -  
section I ,  Eq. A.32, i s  equal  t o  the  equation c = 0 (see  Eq. A.361, then 
necessar i ly  
/q"'= Ne 
with Nc given by Eq. A.40. I n  order  t o  f i n d  N ( 2 )  combine Eqs. A.33 and A . 3 4  
A .5 The Region of  S t a b i l i t y  i n  t h e  A,N Plane f o r  an  
I n f i n i t e  P l a t e  
For an  i n f i n i t e  p l a t e ,  according t o  Eq. A . 4 ,  one has  
whereas 
ranges  from 1 (F = 0 )  t o  16  (G = 0 ) .  Thus, Eqs. 24.39, A.40, A.44, and A,45 
be come 
S i m i l a r l y ,  Eqs. A.42 and A.43 y i e l d ,  
8 &=- N N ( 1 5 - 3 1 1 2 + g 2  Q(1-x t( 1 6 - 4 ~ , 1  
T~ (6 .1 )~  Ni 8 t l  (A. 4 9) 
The q u a n t i t i e s  N 
2  
b~ *Cf and N ( 2 )  ,versus 8 a r e  p l o t t e d  i n  Fig.  A . l  f o r  g  = O  and 2 4 
g = -1. This f i g u r e  shows t h a t  t h e  inf luence  of g2  = (g g  ) / ~ i  i s  n e g l i g i b l e ,  1 2  
whereas t h e  inf luence  of 8 = g /g i s  s t rong ly  s i g n i f i c a n t .  I n  o t h e r  words, 2  1 
the  ratio of the  two damping c o e f f i c i e n t s  i s  important ,  whereas t h e  inf luence  
of y L  i t s e l f  i s  genera l ly  neg l ig ib le .  * 
By examining Fig. A.1 ,  it can be noted t h a t  i n  the  range 8 = 1 t o  8 = 16**: 
(a) condi t ion  c i s  more r e s t r i c t i v e  than condi t ion  b ,  N < N 
c b  
Bb3 i n t e r s e c t i o n  1 corresponds t o  a  lower value of N than 
i n t e r s e c t i o n  2, ~ ( l )  < N ( 2  1 
(1) (c3 t he  f a c t  t h a t  N = N impl ies  t h a t  a t  the  i n t e r s e c t i o n  of 
C (1) the  f l u t t e r  boundary with the  buckling boundary a t  N = N , 
t he  f l u t t e r  frequency, which goes t o  zero  with t h e  c o e f f i c i e n t  c ,  
i s  equal t o  zero ,  s ince  N = N 
C 
The s t a b i l i t y  region i n  the  X , N  plane i s  shown ( f o r  g  = 0 and g  = -1) 
i n  Figs.  A.2, A.3, and A . 4  f o r  8 = 1, 4 ,  and 16,  r e spec t ive ly .  
In t he  preceding subsect ions,  it was shown t h a t  f o r  
Ins the usual  physica l  problems, gL = (g g  )/R' i s  less than 1/10. 
1 2 to 
* * 
It  shou:ld be noted t h a t  t h i s  r e s u l t  i s  t r u e  only f o r  8 > 1 ( i . e . ,  g _  > g-  
2 L 1 and gZ ) 0 ) .  The case  8 < l . a s  well a s  t h e  case  8 = 1, g = 0, i s  discussed 
i n  Subsection A.8. 
the  l i n e a r  system i s  on t h e  f l u t t e r  boundary ( t h a t  is ,  between damped and 
growing o s c i l l a t i o n s ) .  I n  t h i s  sec t ion ,  t h e  so lu t ion  t o  t h e  l i n e a r  system 
on the  f l u t t e r  boundary i s  described i n  d e t a i l .  
A s  shown i n  Subsection A.2 ,  i f  1 2 t he  c h a r a c t e r i s t i c  equation = h F f  
(Eq. A.6) has two imaginary r o o t s  given by 
p =  5 id, ( ~ - 5 2 1  
The o the r  two r o o t s  can be found by d iv id ing t h e  c h a r a c t e r i s t i c  equation by 
p2 + u2 which y ie lds*  F' 
Thus, the  second p a i r  of r o o t s  i s  given by 
* 
Note t h a t  
= .p4t cg,tgz)p3+ ca:+n:+g,g2)p;c~,+~.)~;p+~~(~:tn:~$~~$i 
and (using Eqs. A . 1 1  and A.13) 
This  i s  t h e  same a s  saying t h a t  
(p2+$) [y '+~p-  ( b - 2 )  = P" t a y 3 + b f + c ~ + d  
s ince  
These harm a complex conjugate p a i r  of r o o t s  with a negative r e a l  p a r t .  These 
roots are complex conjugates i f  
In p a r t i c u l a r ,  f o r  a  simply-supported p l a t e ,  
(A. 56) 
1 I t  can be noted t h a t  f o r  g 2  < .I and 1 < 6 < 16,  N i s  always g r e a t e r  than N ; 
- e 
bu t  N~ = N f o r  6 = 1. Since N < Nc (see Eq. A . 5 1 )  t h e  r o o t s  given by Eq. A . 5 4  
C 
a e  always a complex conjugate p a i r  of r o o t s  with a negative r e a l  p a r t .  
Tl~us,  on t h e  f l u t t e r  boundary, t h e  c h a r a c t e r i s t i c  equation has two 
h a g i n a r y  r o o t s  p = + i w  and two damped r o o t s ;  d is regarding the  damped p a r t ,  
- F 
t h e  so lu t ion  can be w r i t t e n  a s  
(A. 5 8 )  
where A i.s an  a r b i t r a r y  complex constant  and U i s  t h e  eigenvector  of Eq. A.6 
w i t h  p - i w  and i s  given by F 
where 
L F i n a l l y ,  it i s  convenient t o  mention t h a t  t h e  l e f t  eigenvector  1,Uj  a 
which i s  needed i n  t h e  nonlinear  a n a l y s i s , ( s e e  Subsection 1.3) i s  given by 
A . 7  The Solut ion  a t  t h e  I n t e r a c t i o n  Po in t  
I n  t h e  preceding subsect ions ,  it was shown t h a t  t h e  s t a b i l i t y  region i s  
l imi ted  by t h e  condi t ions  
( f l u t t e r  
(buckling) ( A e  63b) 
There e x i s t s  an i n t e r a c t i o n  p o i n t  (which i s  p a r t  of the  boundary o f  the  
* 
I n  f a c t  
2 
stability region) where A = ha and A 2 2 = hB, simultaneously. These condi t ions  
are equiva.lent t o  t h e  condi t ions  
cz-abc  +azd= 0 , d =  o (~q. 64) 
on t he  c o e f f i c i e n t s  of the  c h a r a c t e r i s t i c  equation. Equation ~ , 6 4  imnl ies  
that at the i n t e r a c t i o n  p o i n t ,  e i t h e r  c  = ab,  o r  c  = 0. I n  Subsection A . 5 ,  it 
was shown ( f o r  an i n f i n i t e  p l a t e )  t h a t  a t  t h e  i n t e r a c t i o n  p o i n t  c  = 0 .  The 
general condi t ions  under which c = 0 a t  t h e  i n t e r a c t i o n  p o i n t  a r e  discussed i n  
Subsection A.8. I n  t h e  following, t h e  s o l u t i o n  of the  l i n e a r  system a t  the  i n -  
teraction po in t  i s  s tudied  i n  d e t a i l .  The condi t ions  d = 0 and c = 0 corres-  
pond t o  (see  Eqs. A.32 and A.44) 
Since c = d = 0 ,  Eq. A.7 reduces t o  




These r o o t s  a r e  complex conjugate f o r  8 # 1, r e a l  and double f o r  8 =l; i n  
* 
These roots a r e  complex conjugates i f  
n;+n: - (  
That  i s ,  i:E 
a -al (I-BJL 
N , N": n:b+~;~ - (-7- T 1 + ~ ~ - 8 ~ - ; i e .  
N1 N, = a;, + ~-f2,. I -t R N  N, 
In particular, f o r  a  simply-supported p l a t e  
3ot.e that. f o r  l < 8 - < 16; N" > Nc; t hus ,  i n  t h i s  case t h e  r o o t s  a r e  complex con- 
jugates, B u t  N ' h  N Nor 8 = 1. I n  t h i s  case  t h e  r a d i c a l  i s  equal  t o  zero and 
C 
the  roots xl:educe t o  a  double r e a l  negative r o o t  given by p = -2gl (note t h a t  g = 1 
e i t h e r  case ,  they have negative r e a l  p a r t s .  Disregarding the  damped pa r t ,  the 
so lu t ion  can be w r i t t e n  a s  
where A and A a r e  two a r b i t r a r y  cons tants  and U and U a r e  given by* 1 1 
with 
L F i n a l l y ,  it i s  convenient t o  mention t h a t  t h e  l e f t  eigenvectol: L u ~ ,  
which i s  needed i n  t h e  nonlinear  a n a l y s i s  i s  given by (see  Subsection 1.31 
* 
I n  f a c t ,  s e t t i n g  i n  Eq. A.2 y i e l d s  
y i e l d s  
o *g ,  ~ + o )  +a; ct+o)-n(tutu,)=o 
o -+ fj21u+01 t f 2 : ( t u t ~ , ) t h i + * 0 ) = o  
o r  (note t h a t  8 I 8 ~:+8.fl:=0 and A =  -~;n:=--fi: 9 s  1 
A-8 General Remarks 
Some of the  r e s u l t s  obtained i n  the  preceding subsect ions  a r e  v a l i d  only 
fo r  t h e  simply-supported p l a t e .  I n  t h i s  subsect ion,  t h e  r e s u l t s  a r e  extended t o  
2 2 
the  generail case  under t h e  condi t ions  t h a t  fi and fi a r e  given by Eq. A.3 1 2 
w i t h  
N l  > N z  (A.72) 
where N i s  t h e  f i r s t  buckling load (Euler load) and N i s  t h e  second one, and I 2 
g 2 > o  (A.73) 
I$ may be noted t h a t  t h e  q u a n t i t i e s  R R and 9, given by Eq. A.41 a r e  N' R 
p o s i t i v e  and furthermore, t h a t  according t o  Eq. A . 7 2  
Rn > R N  
Consider Eqs. A.39, A.40, A.44, and A.46 
N b  
-= 
I -t. Rn I 
h), I t R N  +" I + R N  
Note that 
(A.  74) 
Mote also that 
N")= de c N b 4 N") f o r  B > &  
whereas 
N " ' = N ~ > N ~ > N ( * '  for  0 ( 8 ,  
Thus, the  i n t e r a c t i o n  po in t  i s  def ined by 
N = N~') f o r  e > Q *  U4.79) 
(which impl ies  a l s o  t h a t  N = N and thus ,  the  f l u t t e r  frequency i s  equal  t o  
C 
zero) o r  
for  @ < O r  
For t h i s  second case ,  t h e  r o o t s  a r e  given by p = 0, p = + U F ,  and the  f o u r t h  
r o o t  i s  r e a l  and negative. F i n a l l y ,  8 =8, y i e l d s  b = c = d = 0; thus ,  i n  this 
case t h e r e  i s  a t r i p l e  r o o t  p = 0,  and a negative r e a l  r o o t  p = - a. 
I t  should be noted t h a t  these  l a s t  two cases  imply 
0 < Q 5 0 * 4  
which i s  equivalent  t o  
This condi t ion  i s  never s a t i s f i e d  with t h e  kind of damping considered here, 
F i n a l l y ,  it should be noted t h a t  i f  N ( l )  < 1, t h e r e  i s  no i n t e r s e c t i o n  
(1) p o i n t  s ince  N < 1 corresponds t o  imaginary values  f o r  B ' 
INSTABILITY BOUNDARY 2 
INTERSECTION 1 AND 
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AN ILLUSTRATIVE E 
As mentioned i n  Subsection 2.1, the analysis  developed i n  Section 2 
contains a parameter A The choice of the  value of A4 i s  based upon a physi- 4  ' 
cal h ~ o t h e s i s  which can be s ta ted  a s  follows: i f  the  c u v e  of amplitude ver- 
sus  A bends", then the "knee" of the  curve separates the  unstable branch from 
the stable branch; t h i s  "separation" point  i s  used t o  evaluate h  (see Eq. 2.84). 4 
Since t h i s  hypothesis is not derived from any mathematical reasoning but i s  
merely b s e d  upon physical i n tu i t i on ,  it i s  convenient t o  ve r i fy  the  correct-  
ness of the assumption by applying it t o  a simple case f o r  which the  solut ion 
i s  knorn* The solut ion should have two l i m i t  cycles ( the  inner one s tab le  and 
t h e  outer  one unstable).  By choosing the  two-limit-cycle solut ions  of the  form 
(stable) 
X =  x t = ( t t % )  (unstable) 
it i s  i m e d i a t e l y  ve r i f i ed  t h a t  an equation which has these two solut ions  i s  
given by 
where X slid X a r e  the  roo t s  of t he  equation 1 2 
The formulation of the  problem is given i n  Subsection B.2 and the  solu- 
tion i s  derived i n  Subsections 8 . 3  and B.4. The choice of t he  value h 4  i s  
discussed i n  Subsection B.5 where it is  a l s o  shown t h a t  the  r e s u l t s  a re  i n  
f u l l  agreement with the  exact  solution.* F ina l ly ,  the  comparison with the  
* 
The value X 4 ,  defined i n  Eq. 8.4, i s  analogous t o  the  h  i n  Section 2. 4 
two-time-scaling technique (Refs. 8 and 9) i s  made i n  Subsection B.6  where i f  
i s  shown t h a t  the  two methods y i e l d  exac t ly  the  same r e s u l t s .  
B. 2 Formulation 
Let  
and 
X =  E X ,  + e3x, + E ~ X ~  + 0 ( e7 )  
where the  funct ions  Xk depend upon t h e  mul t ip le  time s c a l e s  
The s c a l e s  tk a r e  t r e a t e d  a s  independent v a r i a b l e s ;  hence 
L a  a 
- - - - + & -  + E  & a  , n (  d t  at, at2 at4 
Combining E q s  8.2. 8.4, B . 5 ,  and 8.7, and separa t ing  terms of t h e  same 
y i e l d s  t h e  following s y s t m  
System Order E:  
3 
System Order E : 
5 S y s t m  Order E : 
B , 3  Solut ion  
-- 
The so lu t ion  of  Eq. B.8 i s  given by 
(B.11)  
where A i s  the  func t ion  of  t 2 ,  tg' . . . and A* i s  t h e  complex conjugate of A ,  
Combining Eqs. B. 9 and B . l l  y i e l d s  
a2X3 
- + X , = - 2 R m  (B. 12) 
a -d,z 
I n  order t o  avoid secular  terms, t h e  condi t ion  
must  be s a t i s f i e d .  This  equation can be w r i t t e n  i n  t h e  form given by Eq. 2.26 
wit11 (note t h a t  here  a.  6,  and Y a r e  r e a l  numbers-) 
d =  2 
p z  - 1/2 
if= 2p (B.  14) 
The so lu t ion  of Eq. 8.13 i s  thus  given by ( see  Eqs. 2.31 t o  2.331 
with 
where 4 and k a r e  func t ions  of t4, t6, . . Since Eq. 8.13 i s  now s a t i s f i e d ,  
t h e  s o l u t i o n  of Eq. 8.12 i s  given by 
it. 
Xa = ( &to+ B*@ite) = 2 Real ( B e 
Combining Eqs. 8 .4 ,  8.11, and 8.17 y i e l d s  
( E A ~ E ~ B )  $*'I + 0(e5)  (B,L8) 
where A i s  given by Eq. 8.15, and 8 i s  s t i l l  undetermined. I n  order  to determine 
t h e  B a s  a func t ion  of t2, the  f i f th -o rde r  equations.  given by Eq. I3.10. i s  con- 
s idered  i n  t h e  next  subsect ion.  
8.4 The Functions B ( t 2 )  and A ( t 2 , t q )  
Combining Eqs. B.10, B . 1 1 ,  and 8.16 y i e l d s  
In order t o  avoid secu la r  terms, t h e  condi t ion  
(B.20) 
must be s a t i s f i e d . *  This  equation can be w r i t t e n  a s  
w i t h  ( Z L p  B g  and y given by Eq. B.14 and 
(B. 22) 
~ ' " ' t  s"'A~*t ~ @ ) ( A A * ~ + ? R A  
at4 
Incidentally, i f  Eq. B.20 i s  s a t i s f i e d ,  the  s o l u t i o n  of Eq. B.19 i s  given by 
i f o  /A 3 if, 
Xg = 2ReaI c C - -,43 [ - 4 p ~ ~ %  le 8 
where C can be d e t e n i n e d  only by studying t h e  seventh-order equation. Thus, the  
function X i s  no t  of i n t e r e s t  here;  t h e  aim of t h e  a n a l y s i s  of Eq. B.20 i s  5 
t o  obtain the func t ions  B ( t 2 )  and A ( t  ,t 1 .  2 4 
with 
Equations B.21 and B.22 a r e  i den t i ca l  t o  Eqs. 2.55 and 2.56. 
Following the  same procedure outl ined i n  Subsection 2.7 one obtains 
and 
I n  order t o  avoid secular terms*, the  condit ions 
must be s a t i s f i ed .  Thus, $ = go i s  independent of t (2 change i n  frequency 4 
of order c4 ! 1 , whereas 
* 
AS t f m, f o r  the  s t ab l e  l i m i t  cycles ,  o r  a s  t + -a, f o r  unstable l i m i t  cycles. 
Combining Eqs. 8.16 and B.29 y i e l d s  (see  a l s o  Eq. B.6) 
where k and $ a r e  funct ions  of t C) 6' t8 . . . The value  of  h i s  s t i l l  un- 4 
determined. A s  was mentioned i n  Subsection B.1. t h e  choice of h i s  based 4 
upon physica l  reasoning. This  choice i s  discussed i n  the  next  subsect ion.  
8.5 The Parameter h and t h e  F ina l  Expression f o r  t h e  Solut ion  4 
AS was mentioned i n  Subsection A.1. t h e  main ob jec t ive  of t h i s  appendix 
1s t o  v e r i f y  the  co r rec tness  of the  assumption which determines t h e  choice of 
the  parameter h (which i s  analogous t o  A i n  Sect ion  2) .  A discuss ion of t h i s  4 4 
assumption i s  given i n  Subsection 2.1, whereas the  mathematical formulation i s  
.. -- 
given i n  Subsection 2.5 (see Eqs. 2.79 and 2.81) .  The assumption can be sum- 
marized a s  follows: t h e  "knee" of  t h e  curve I A ~  versus  separa tes  the  s t a b l e  
branch of t h e  curve from the  uns table  one. Mathematically speaking, t h e  value 
G knee a for which h has i t s  maximum value (see  Eq. B.4) i s  
and i s  equal  t o  the  va lue  E f o r  which t h e  exponent of Eq. B.30 changes sign.  
c r  
(B. 32) 
The condi t ion  discussed above can be s t a t e d  a s  
By combining Eqs. B.31, B.32. and B.33, one obtains  
and 
Final ly ,  t he  solut ion of t he  problem i s  given by (see Eq. B-18) 
)(= 2 Real [ ( E A  + E ' B ) ~ ~ ~ ] +  0 ( E ~ )  
and* (Combining Eqs. B.24 t o  B.28, and Eq. B.34) 
The - l i m i t  - cycle solut ion,  XLeC , i s  obtained by se t t i ng  t + f o r  the  stable 
2 2 2 l i m i t  cycle ( E ~  C p /2v) and t ; -= f o r  t he  unstable l i m i t  cycle (E I-J 1 2 ~ 1  
In  both cases one obtains  
-A- 
Note t h a t  the  a rb i t r a ry  choice 
C, = o  
has been made i n  Eqs. B.25 and B.26. This i s  made i n  order t o  have B = 0 i n  
the  l i m i t  cycle solution.  Further exploration i s  needed i n  order ta motivate 
t h i s  choice. 
with (combining Eqs. B.4 and B.34) 
By se t t ing  E/& = X ,  Eqs. B.39 and B.40 reduce t o  
X,,,. = X Cos (f fqo ) t 0 (e5) (B.41) 
and 
which i s  i n  f u l l  agreement with Eqs. B . 2  and B.3. 
. I 
I n  order t o  compare the  multiple-time-scaling technique with the two- 
time-scaling technique (Refs. 8 and 9), the  ana lys i s  i s  repeated here by using 
the two-time-scaling technique. I n  order t o  maintain the  same f l e x i b i l i t y  
of the ml t i p l e - the - sca l i ng r  it i s  convenient t o  introduce s t re tching of both 
scales, This procedure (which general izes  the  two-time-scaling technique) w i l l  
be temed the "modified two-the-scaling technique". Thus, instead of the  
multiple scales  (see Eq. B.6) consider the  two "stretched" sca les  
t .  = ( - - .  ) t 
f p  = ( f . 2+&4e t -  - - )t 
Then Eq, B.7 i s  replaced by 
Eqs .  B-8 t o  B.10 a r e  still va l id  i f  a / a t4  i s  replaced by o(a/at + 0 
?(2/3t,), I n  other  words, the only modification is  t h a t  i n  Eq. B.10 the  term 
2 a x /at i s  modified a s  follows 1 4  
azx, a"x a 2  
-,-9. Q - + + T L  
at.  at4 at0 at. at2 
Note t h a t  Eqs. B-8 and B.9 a r e  equal i n  both methods. Thus, the  r e s u l t s  ob- 
tained i n  Subsection B.3 a r e  va l id  f o r  the  modified-two-time-scaling method 
a l so .  Hence by using Eqs. B .11 ,  B.15, and B.16, one obtains  
where K and @ a r e  functions of t i n  the  multiple-time-scaling techniquse, 4 
whereas they a r e  constant i n  the  modified-two-time-scaling technique. B y  
using Eq. B.46, Eq..B.45 can be rewri t ten a s  




Comparing Eqs. B.27, B.28, and B.48 y ie lds  
r= 0 
Combining Eqs. B.15, B.16, B.43, and B.49 yields* 
* 
I n  Eq. B.50, the  symbols K and @ a r e  used instead of K and 4 a s  a rminder  
0 0 
t h a t  K i s  considered a constant i n  t he  two-time-scaling technique. 
r-e2+e4(A,-yAz) It 
4PtKo e (B. 50) 
which is equal to Eq. B.30. The discussion of the value of is the same in 4 
both eases. Thus, as mentioned in Subsection B.l, the multiple-time-scaling 
teclanaique and the modified two-time-scaling technique yield exactly the same 
result 
